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1 Introduction. 

It is a source of embarrassment that the quantum Ito formula 

f(M t ) = f(M Q )+ [\Df(M s )(dM s ) + D 2 J(M s )(dM s ,dM s )) (1) 
Jo 

in ||28|| , for a regular (bounded) quantum semimartingale M, does not directly 
imply the Ito formula for classical Brownian motion W: 

f(W t )=f(W Q )+ [ f(W s )dW s + l - [ f"(W s )d(W) s (2) 
Jo 1 Jo 

This is unsatisfactory from our present point of view, which is to derive 

as much as possible of the classical theory of Brownian motion from the 

theory of quantum stochastic processes. The quantum Ito formula belongs 

to non-commutative probability. It is a purely operator theoretic result and 

makes no reference to paths. It implies classical results by regarding random 

variables as multiplication operators and using the Wiener-Ito isomorphism 

between Weiner space and Fock space. 

In this article we find a remedy and show that (0) , and its extension to gauge 
processes, includes the case where M is an essentially self-adjoint quantum 
semimart ingale . 

The classical Ito formula (|2]) then follows from the quantum Ito formula flU) 
p8, Section 7.] by taking M = B = A + A', the Brownian quan- 



as m 



turn semimartingale, which is a process of unbounded essentially self-adjoint 
operators. 
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In (0) the process f(M) = {M t : t 6 [0, 1]} is defined by the Fourier func- 
tional calculus, Df(X)(-) is the differential of / and Djf(X)(-, ■) is the (un- 
symmetrised) 'Ito' second differential of / at the operator X. 

The Ito formula (|2]) may be obtained indirectly from ([!]), quite simply, as fol- 
lows. It was shown in [p8j that (P implies (fj) when W is replaced by h n (W) 
where h n is bounded twice continuously different iable. The Ito formula for 
Brownian motion then follows by approximating the function h(x) = x by 
an appropriate sequence of h n , for example the sequence used in Section [T3|. 
Lifting such an argument to non-commuting essentially self-adjoint quantum 
semimartingales presents difficulties. 

Let M = {M t : t G [0, 1]} be a symmetric quantum semimartingale: 

M t = M + [ {EdA + FdA + F* dA^ + Hds). (3) 
Jo 

The integrands are adapted processes of operators in B(Sj), where S) is Bose- 
Fock space over L 2 [0, 1], and E t and H t are self-adjoint for all t. 

M is essentially self-adjoint with core T> if M t is essentially self-adjoint on 
T> for almost all t. In this case the closure of M is M = {M t : t G [0, 1]} 
where M t is the closure of M t . The process of bounded operators 

e m = {e mt : t e [0,1]} 

may then be defined by the functional calculus. 

An essentially self-adjoint quantum semimartingale M satisfies the quantum 
Duhamel formula if e lM is a regular quantum semimartingale and 

e' M ' = I + / {E cxp (iM) dA + -F exp (j A/ ) dA + G exp ^ M ) dA^ + H exp (iM) ds), (4) 
Jo 

where 

E eMm) {t) = e^+^-e^ 

F eMiM )(t) = i f\^~u)M t p tei u(M t+ E t)du 
Jo 

G eM iM)(t) = i f p*e****du (5) 

Jo 
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Jo 

+i 2 [ [ ue^-^Fte^-^+^F^e'^dudv 
Jo Jo 

Let / G C 2+ (R) = {/ G L\R) : p ^ p 2 f(p) is in L^R)} where / is the 
Fourier transform of /. If pM satisfies the quantum Duhamel formula for each 
real p then f(M) = {f(M t ) : t G [0, 1]} is a regular quantum semimartingale 
and satisfies the quantum Ito formula 



f(M t ) = /(0) + / (E fm dk + F m) dA + G m) dti + H m) ds) (6) 
where, for X in {E, F, G, H}, 

/oo 
/ (P)^cxp( ipM) dp 
-oo 

This is the case whenever M is regular and self-adjoint [p8 |. 



The original formula of Hudson and Parthasarathy will be referred to as the 
quantum Ito product formula. 

It was shown in [2?] that (^) implies the Ito formula for a large class of 
classical semimartingales, which may even have jumps. Unfortunately this 
class does not include Brownian motion. 

The main objectives in this article are to 

(a) identify a non-trivial class, C, containing B, of essentially self-adjoint 
quantum semimartingales; 

(b) show that if M belongs to C then pM satisfies the quantum Duhamel 
formula for all real p and f{M) satisfies the quantum Ito formula for all 

feC 2 +(R); 

(c) enlarge the class C identified in (a) and (b) by showing that if M is 
an essentially self-adjoint quantum semimartingale satisfying the quantum 
Duhamel formula then so is the perturbation M + J whenever J is a regular 
self-adjoint quantum semimartingale. 
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We also touch briefly on the quantum Stratonovich formula. 
We approach (a) and (b) via "chaos matrices". 

Bose-Fock space may be defined as the direct sum of Hilbert spaces, some- 
times called chaos spaces: 

S) = £° © & © • • • © & © • • • , . 

is a closed subspace of the j-fold tensor product L 2 [0, l]®- 7 . The symmetric 
tensors {/ ® • • • ® / : / G L 2 [0, 1]} are in Sj J . The exponential vectors, 
{e(f):fEL 2 [0,1]} where 

e(/) = l©/©-^— - + ■■■+ 7 



(2!) i/ 2 (j!) i/ 2 
are total in fj. 

A matrix T with entries Tj e ^(ij 7 ',^') is called a chaos matrix. Every 
bounded operator in 5} has a unique chaos matrix representation. The same 
is not true of unbounded operators. 

The chaos matrix approach is suited to Lindsay's construction of quantum 
stochastic integrals via the gradient process V and the Hitsuda-Skorohod 
process S [bl. These are processes of unbounded operators with simple 



superdiagonal and subdiagonal chaos matrix representations. Lindsay's inte- 
grals are defined for non-adapted processes and are an extension of Hudson 
and Parthasarathy's integrals. 

The basic processes A, A,A',t of quantum stochastic calculus have uncompli- 
cated chaos matrix representations. Representations leading naturally to a 
definition of the chaos matrix quantum stochastic integral of a chaos matrix- 
valued process with respect to dA, dA, dA^ and ds. 

The correspondence between operator-valued and matrix processes is pre- 
served under the respective quantum stochastic integrations. If the opera- 
tors E t , Ft, F* and H t in the quantum semimartingale @ are represented 
by chaos matrices, E t , F t , F* and H t and 

M t = M Q + ! (EdA + FdA + F* dA^ + Hds), 
Jo 

then Mt is the chaos matrix representation of M t for t G [0, 1]. 
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The entries of the chaos matrix processes E, F, F* and H are themselves 
operator valued processes that belong to Lebesgue spaces: 

E) G L°°([0,1], W,^) so ), F;,(F*)) G L 2 ([0,l],B(tf,tf) so ), 

Hje L\[0,1], #)«,). 

These spaces have Bochner-Lebesgue norms but measurability is with respect 
to the strong operator topology on Bffi , S) 1 ). 

The norms are used to define a control matrix, hv = tv(M): 

^} = * V2 KilL J' 1/2 +K-i|| a J 1/2 -N 1/a IK^TIa+IWIIi > (, -> 

The control matrix plays a role similar to that of the dominating function in 
Lebesgue's dominated convergence theorem. 

Let £ 2 be the Hilbert space of complex sequences x = (xo,xi, . . . ,x n , . . .)*, 
written as infinite column vectors, with ||a;|| 2 = (Y^m=o ^nl 2 ) 1 ^ 2 < °°- Denote 
by £qo the dense subspace of sequences with finitely many non-zero entries. 

The matrix tv represents an operator in £ 2 (possibly with domain {0}.) A 
vector x G £ 2 is analytic for K, if x G T>(K, n ) for n = 1, 2, . . . and 



ni 

n=0 



has non-zero radius of convergence r(x). The vector space of analytic vectors 
x with r(x) > e is denoted A e (Pl). 

From the results of Sections |l^ and [TT] we obtain the following theorem which 
allows us to achieve the objectives (a) and (b) above. Let £ C fj be the linear 
span of the exponential vectors. 

Theorem 1.1 Let M be a symmetric quantum semimartingale whose chaos 
matrix representation M has control matrix Hv and let e > 0. 

If£ 00 C A e {K) then 

(i) M is essentially self-adjoint with core £. 
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(ii) pM satisfies the quantum Duhamel formula for each real p. 

(iii) f(M) satisfies the quantum Ito formula for each f G C 2+ (IR). 

The conditions of this theorem are satisfied in particular when E, F, F* and 
H are adapted processes of (2k + l)-diagonal chaos matrices. It is shown 
in Section [| that there is a large class of such adapted processes defined by 
kernels. 

The proof of essential self-adjointness uses Nelson's analytic vector theorem. 
A chaos matrix version of the quantum Ito product formula is then proved 
for powers of M. A chaos matrix version of the quantum Duhamel formula 
and the quantum Ito formula are then obtained in much the same way as 
for regular quantum semimartingales. The operator versions of the formulae 
then follow from the correspondence between quantum semimartingales and 
their chaos matrix representations. 

The proof of essential self-adjointness is in some respects an extension of the 
proof of essential self-adjointness, on a common core, of the field operators 
$(/) in quantum statistical mechanics || Proposition 5.2.3] (see also || 
§19.3]). 

We adopt two approaches to (c). The terms on each side of (f|)are replaced 
by their Duhamel expansions. Using elementary calculus sides are then re- 
arranged and shown to be equal. 

Using a more sophisticated method we prove (£§) in the special case that M 
is obtained from a Brownian martingale via the Weiner-Ito transformation. 
Suppose that W is classical Brownian motion and F is a real-valued bounded 
adapted process in Wiener space and let M be the classical martingale 

M t = [ F s dW s . (7) 
Jo 

The Wiener-Ito isomorphism identifies W with A + A\ the Brownian quan- 
tum semimartingale, F with an adapted operator-valued process F and M 
may be identified with a quantum semimartingale M. It follows from the 
classical Ito formula that the quantum semimartingale M satisfies the quan- 
tum Ito formula for each / G C 2+ (IR). 
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We then show that if J is a regular self-adjoint quantum semimartingale 
M + J satisfies the quantum Ito formula. The method is to approximate 
M by a sequence h n (M) of regular quantum semimartingales. The regular 
quantum semimartingale N^ n ' = h n (M) + J then satisfies the quantum Ito 
formula. A limiting argument shows that f(M) satisfies the quantum Ito 
formula. 

This article is rather long even though the ideas contained in it, outlined 
above, are simple. In our attempt to keep within a functional analytic cate- 
gory we have had to start from scratch in some places. 

The infinite matrix approach to operator theory has not proved very pop- 
ular: it gives nothing new for bounded operators and the correspondence 
between unbounded operators and chaos matrices is unclear. There seem 
to be few results in the literature and we have had to prove those we need. 
Intrinsic conditions must be found for a chaos matrix valued process to be 
adapted. The cmx quantum stochastic integrals defined in this paper are 
processes of chaos matrices and a balance sheet must be kept to show that 
they represent the corresponding Hudson-Parthasarathy processes. Another 
complication is that although the integrands for quantum semimartingales 
belong to Lebesgue spaces they do not necessarily belong to the standard 
Bochner-Lebesgue spaces. Finally the conditions for unbounded operators 
to be essentially self-adjoint are delicate and must be checked in detail. 

To keep the article to its present length we let the time interval be [0,1], 
start our processes at 0, consider functions f(x) rather than f(x,t), dispense 
with the initial space and do not consider the cases of finite and countably 
infinite multiplicity. 



The following is a special case of Corollary |1 1 ,3| which overcomes the difficulty 
with Brownian motion. 



Theorem 1.2 Let F in the Bochner-Lebesgue space L 2 ([0, l],B(Sj)) be an 
adapted process and let M be the quantum semimartingale 

-t 



M t = ! (F s dA s + F*dA\). 
Jo 



If F t is the chaos matrix representation F t then t i— > Ftj belongs to Bochner- 
Lebesgue space L 2 ([0, 1], Bffi , ft 1 )) . 
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The control matrix K, with entries 

Kt = iHFLih + \\*j-i\\23 h 
represents a symmetric linear transformation K in £ 2 . 

If ^oo consists of analytic vectors for k with radius of convergence greater 
than fixed e then 

(i) M is a process of essentially self-adjoint operators; 

(ii) If f e C 2+ {R) then 

f(M t ) = f(0) + J (pf(M a )(dM t ) +D 2 I f{M s ){dM s ,dM s )) 

When F = I this theorem implies the Ito formula for classical Brownian 
motion. 

The article is organised as follows. Section g is a general discussion of 
chaos matrices and the operators they represent. Section |3] recalls the defini- 
tions and some properties of the basic processes occurring in the theories of 
Hudson-Parsatharathy and Lindsay and shows that they may be represented 
as processes of chaos matrices. Adapted chaos matrix valued processes are 
characterised in Section [|. 

The cmx quantum stochastic integral M t (E, F, G, H) of a quadruple of chaos 
matrix valued processes (E, F, G, H) is defined in Section ||. The integrands 
(E, F, G, H) are not required to be adapted. Bounds are found for the entries 
in M t . When (E, F, G, H) are adapted processes of bounded chaos matrices 
it is shown that M t represents the Hudson-Parthasarathy quantum stochastic 
integral of the corresponding operator processes. This shows that the two 
definitions of quantum stochastic integral are consistent. 

Section [7| is devoted to properties of scalar matrices. In Section § the inte- 
grands are allowed to be unbounded processes and sufficient conditions are 
found for a cmx quantum stochastic integrals to represent the corresponding 
Hudson-Parthasarathy quantum stochastic integral. 



February 1, 2008 



9 



The remainder of the article is devoted to the quantum Ito formula. A 
product Ito formula is proved for adapted chaos matrix valued processes 
in Section a quantum Duhamel formula is proved in Section |10| and the 



quantum Ito formula in Section 11 



We give, without proof, in Section [12| a quantum Stratonovich formula for 



regular quantum semimartingales and pose the problem of generalising it to 
the irregular case. 

In Section [13] it is shown that a classical Brownian quantum semimartingale 
perturbed by a regular quantum semimartingale still satisfies the quantum Ito 
formula. The methods of this section seem to work only when the perturbed 
processes are classical. 



The Duhamel expansion is reviewed in Section III and used in Section ITS] to 



show that the set of essentially self-adjoint quantum semimartingales which 
satisfy the quantum Duhamel formula is closed under perturbations by reg- 
ular self-adjoint quantum semimartingales. 



In Section 16 the article concludes with five open problems. 



2 Chaos Matrices. 

A chaos decomposition of a Hilbert space 7i is a decomposition of 7i into the 
direct sum 

H = H° © H 1 © ■ ■ ■ © W © ■ ■ • 

of Hilbert spaces 7i°, Ti 1 , T~C 2 , .... The Hilbert space H? is called the jth chaos 
and 7T-' denotes the orthogonal projection onto HP . Each ip e Ti is written as 
a column vector tp = ■ ■ • , t/> 3 °, ■ ■ •)* called the chaos representation of 

Let H 00 = {ip e H : tp j = whenever j > N = N(if>) G N}, the dense 
subspace of vectors with finite chaos representations. 

A chaos matrix (for the above decomposition of TC) is a matrix T with en- 
tries Tj G BiTi^W), i,j = 0,1,2,.... We often use 'cmx' as shorthand 
for 'chaos matrix'. For example, 'representation' is short for 'chaos matrix 
representation'. 
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The adjoint of T is T* = [(T/)*]. If T = T* then T is a symmetric chaos 
matrix. 

A chaos matrix T is (2k + l)-diagonal if Tj = whenever |i — j\ > k. 

If S and T are chaos matrices and, for all i,j — 0, 1, . . ., the series 
is convergent in the strong operator topology to C/j in B(W ^ 7i l ) then the 
chaos matrix U = [C/j] is the product ST of S* and T. This product will exist 
if, for example, either of S and T is (2k + l)-diagonal for some k E N. 

The existence of ST does not necessarily imply the existence of T*S* . 

Lemma 2.1 Let S and T be chaos matrices. If ST and T*S* both exist 
then (ST)* =T*S*. 

Proof. If E W and i/j E W then 

oo oo 

Let denote the set of linear transformations in H. To each chaos matrix 
T corresponds T in C(H) as follows. Let 

{YljLoTji/)* is convergent to 77*(-0) E W for all i \ 
ip EH : and I . 

t]{i>) = WWWWWM, ■ ■ -Y belongs to H J 

Define f by letting P(T) = S(T) and putting 

= r}(ip) whenever ip E D(T) 

Care must be taken at this point. If T is a chaos matrix and the product 
chaos matrix T 2 exists it is not necessarily true that 

2)(T 2 ) = V(f 2 ) = {i)E V(f) : Tip E V(f)}. 

It may be that ip E D(T 2 ) yet ip ^T)(T). 



February 1, 2008 



11 



The C°° -vectors of a chaos matrix T are 



C°°{T) = 



if T k exists for k = 1,2,..., 
otherwise. 







A vector </? e is analytic for T if </? e C°°(T) and the complex power series 



has non-zero radius of convergence r(if) = r(ip,T). Then A(T) is the vector 
space of analytic vectors of T and A r {T) — {if e -4.(T) : r(</?) > r} for 
< r < oo. 

Let T be a chaos matrix and let T belong to C(H). Then T is a chaos matrix 
representation of T if 



Thus T is a cmx representation of T if and only if T is an extension of T. We 
shall not consider operators with more than one chaos-matrix representation. 

The number operator N in Ti has unique diagonal chaos-matrix representa- 
tion 



where Ij is the identity transformation in W . Clearly D(N) = {ip e H : 
(0,tlj\2tlj 2 ,...,jij j ,...y eH} =V(N) and N = N. 

A chaos matrix T is bounded if £)(T) = 7i and T is bounded. Let B cmx (H) 
be the Banach space 



with ||T|| = ||T|| whenever T e B cmx (H). The completeness of B cmx (H) 
follows from part (iii) of the following theorem. 

Theorem 2.2 (i) EachT e £>(7i) /ios a unique cmx representation T whose 
entries are given by 




(8) 



(i) £>(T) C D(T); (ii) Ty? = Tip whenever if e V(T). 



iV = diag[0,/ 1 ,2/ 2 ...,j/ J ...], 



Bcmx(7~L) = {T '■ T is a bounded chaos matrix for 7i} 



Moreover ||T? || < ||T|| /or a// i, j = 0, 1, 2, . . .. 



(9) 
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(ii) A chaos matrix T is bounded if and only if®(T) = 7i. 

(iii) If T is a chaos matrix with TCqo C Q(T) and T is bounded then T is 
bounded. 

(iv) With the product and adjoint operations defined above B cmx (H) is a 
von Neumann algebra. The mapping T *—>■ T is an isometric algebraic *- 
isomorphism from B cmx (H) onto B(H). 

Proof, (i) It follows from the definition that any cmx representation of T 
satisfies @. If ip j G W then \\(f^Y\\ < \\fipi\\ < \\f\\ ■ so that @ 
defines T? G B(W,W). Therefore the chaos matrix T is well defined by (|j). 

f is bounded and if ip G H then £°l l/^ = EJloW')* = (^V)* = ^ 
where 77 = Tty. Therefore S(T) = TC and T uniquely represents T. 

(ii) If T is bounded then D(T) = TC by definition. 

Suppose, conversely, that D(T) = TC. Define the linear transformation T l : 

00 00 

f v = E ^ = ^(Tj o ^> = ^ 

whenever ip G TC. Since Tj o tt- 7 is bounded it follows from the uniform 
boundedness principle that T % G B(TC,H l ). It follows from the definition of 
Q(T) that Ei^o -^"V * s convergent to Tip for each ip G and by the uniform 
boundedness principle T G B(Ti). 

(iii) The bounded linear operator T has a unique extension T G B(TC). Since 
7ioo C S)(T) the operator TJ is defined by (||). Therefore T represents T and 
£>(T) = W. 

(iv) If S,T G B cinx (W) and ^ G then (TjV, T/^', • ■ - , Tftjfi, ■ ■ •)* = 
T^' G W. Since Z)(S)=H 

(s(fipj)y = J2 s » T W j - ( 10 ) 

Therefore the series converges for each ^ G TO . By the uniform boundedness 
theorem E^lo i s convergent in the strong operator topology to C/j in 
B(W,TC l ). Therefore the product chaos matrix ST exists. 
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It follows from Qig) that, for cp* G ?f and V j G W J ', 

(s?Vw) = = ((ST)^W) . 

Therefore ST is the chaos matrix of ST and ST = ST. 
If ft G ft j and <p* G ?f then 

(f^,^) = (TjV>W) = (Tj)V) = <y, (T*)fr«) = (^^V) • 

It follows from (i) that T* is the cmx representation of (T) and (T*) = (T)*. 
The transformation T i— > T is clearly linear and is therefore an isometric it- 
isomorphism from £> cmx (7^) onto B(TL). ■ 

Let B{7i) so denote B(H) with the strong operator topology and let B cmx (H) so 
denote B cmx (H) with the quotient topology induced by the *-isomorphism 
T ^ f. 

An operator process is a family T = {T t : t G [0, 1]} of linear operators. If T 
is bounded for almost all t G [0, 1] then T is regular. Two operator processes 
T and T" are identified if T t = T[ for almost all t G [0,1]. 

A chaos matrix process (cmx process) is a family T = {T f : t G [0, 1]} of chaos 
matrices. If T t is a bounded chaos matrix for almost all t G [0, 1] then T is 
regular. Two cmx processes T and T' are identified if T t = T[ for almost all 

te[o,i]. 

A cmx process T is a cmx representation of an operator process T if T is a 
cmx representation of T t for almost all t G [0, 1]. 

The integrands of the quantum semimartingales considered by Attal and 
Meyer are regular processes F = {F t : t G [0, 1]} where F t is a bounded oper- 
ator in the Bose-Fock space f) for each t G [0, 1]. Since B(S)) is non-separable 
the measurability conditions on these integrands, defined with respect to the 
strong operator topology on B(S)), are too weak to ensure that F belongs 
to one of the Bochner-Lebesgue spaces L p ([0, 1], B ($))). Nor are they strong 
enough to ensure that F is Pettis integrable. The integrand F belongs instead 
to one of the following Lebesgue spaces. 
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If 1 < p < oo let L p ([0, 1], B(H)so) the normed vector space of processes 
F : [0, 1] -> such that 

(i) £ 1 — > F t £ is measurable for each £ in some dense subset of 7i; 



fii) £ 1-> 



belongs to #([0,1]), 



with norm, 



given by 



o 

sup 

te[o,i] 



Ft 



1 < p < oo, 



P 



oo. 



Suppose £ and £ (n) in are such that ||£-£ (n) || < l/2 n . Then £ i-> F£ 
and £ i — > F t ^ nS) belong to the Bochner-Lebesgue space L P ([0,1],H) and 

F. £ - F. < F /2 n . Therefore F t £ (n) converges to F t £ for almost 

p 

all £ in [0, 1] |25, Theorem 3.11]. This means that (i) may be replaced by the 
condition 



(i)' £ i— ► F t £ is measurable for each £ in 

Condition (i) is used rather than (i)' because the measurability condition 
on an integrand, F, of a quantum semimartingale is that £ i— > F t e(f) be 
measurable whenever the exponential vector e(/) belongs to a given total set 
of exponential vectors in fj. 

A process F satisfying (i)' is strongly measurable. The composition of strongly 
measurable processes is strongly measurable. 

Corollary 2.3 If F,G : [0,1] — ► B(TC)) are strongly measurable then so is 
F o G : [0, 1] -f w/iere (F o G) t = F t o G t . 

Proof. If ( 6 H there exists a sequence <£>( n ) of 7i-valued step functions 
such that G t £ = lim^oo (p[ n ^ almost everywhere. But £ i— ► F t 
measurable and converges almost everywhere to F t ®G t £ so that t 
is measurable. ■ 



(«) 



is 



Gv 
F t ®G£ 
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Lemma 2.4 Ifl <p < oo t/ien L p ([0, l],i3(7Y) so ) zs a Banach space. 

Proof. We follow the line of argument in |[25|| . Suppose 1 < p < oo and let 
F( n ) be a Cauchy sequence in 1 < p < oo. By extracting a subsequence it 

may be assumed that — F^ < l/2 n whenever m > n. This implies 

that F} n ' is norm convergent in B(7i) to F t for almost all t in [0, 1]. If £ G 
then Ft £ is almost everywhere convergent to and t i— > F t £ is measurable. 



By Fatou's lemma 



f 


F t - Ft ] 


/o 





dt < liminf 

m— >oo 



P (m) _ p t 



(n) 



2 V 



and t 



belongs to L p [0, 1]. Thus F - and therefore F 

belong to L p ([0, 1], B(H) so ). It follows from ([□]) that F< n > is norm convergent 
to F so that L p ([0, 1], B(H) so ) is a Banach space. 

A straightforward argument shows that L°°([0, 1], B(7i) so ) is also a Banach 
space. ■ 

We now define the integral of F G L p ([0, 1], B(H) so ) for 1 < p < oo. It follows 
from (ii) that 1 1— > F t £ 
to the Bochner-Le 



belongs to L p [0, 1] and from (i)' that t ^ F£ belongs 



Desgue space L p ([0, 1], 7£) for each £ G || II. 2. Theorem 
2]. Define the indefinite integral, I . (F), of F by putting 



If 7] EH then 



dcf 



F s £ds, te[0,l]. 



< 



dsU\\ \\V\ 



U\\ Nl- 



This shows that the indefinite integral h{F) belongs to B{TL) with h{F) 
t l l q F . 



< 
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The vector space of cmx processes is denoted C cmx (H). Define the Frechet 
spaces 

CM» = {Te C cmx (H) : Tj e L"([0, l],B(W,H% )}, , <n<nc) 
^ox(W) = {TeC cmx (n):T;eL^[0,l],B(W,W))}, L -P-°°' 

with the topology defined by the seminorms X i— > \\X l -\\ i,j — 0, 1, . . . where 

ii j 1 1 p 

\\-\\ is the norm on L p ([0, 1], B(W , T~t l ) so ) defined above. 

Thus a sequence in C p mx (H) is convergent to 5 in C p mx (H) if (S^)*- is 
convergent in L p ([0, 1], B(W , W)) to S 1 * for all i, j. A series 5^ is summable 
[absolutely summable) if the series (S 1 ^)*- is summable (absolutely summable) 
for each 

Suppose p,q,r G [l,oo] with 1/p + l/<? = 1/r. If X G C p cmx (H) and F G 
C q cra jH) then the formula 

(X*F/) t = X t tF t ^ 

defines, for each v G N, a process X*F/ G L r ([0, 1], B(W, W)). If £^ 
converges to Zj in L r ([0, 1], B so (W , W*)) for each j,jeN the cmx process Z 
is the product of X and F. We put Z = XY. 

If 1 < p < oo define L p ([0, 1], £> cmx (7i) so ) to be the normed vector space of 
cmx processes F such that 

(i) 1 1— > i 7 *}^ is measurable for each £ J in a dense subset of 7i- ? ; 

(ii) t i-> ||F t || belongs to L p [0, 1]. 

As in the case of processes of bounded operator condition (i) is equivalent to 

(i)' t i— > Ft*-^' is measurable for each £ J in 

We note the following inclusions between these spaces. 
Proposition 2.5 

(i) L p ([0, l],# C mx(W)so) « s « c/osed subspace of C p cm JH) so . 

(ii) £ p ([0, l],B cmx (7Y)) a closed subspace of C p mx (TL). 
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(iii) L p ([0, l],B cmx (H)) is a closed subspace of L p ([0, 1], B cmx (H) so ). 

(iv) L p ([0, 1], 13(H)) is a closed subspace of L p ([0, l],B(H) so ) 

We also have the following correspondences between regular operator pro- 
cesses and regular cmx processes. 

If X G L p ([0, 1], B(H) so) define the cmx process X by letting X t be the cmx 
representation of X t whenever t G [0, 1]. 

If X G L P ([Q, 1], B cmx (H) so ) define the operator process X by putting X t = 
(X t ) whenever t G [0, 1]. 

Proposition 2.6 If 1 < p < oo ^/ien ^/ie mapping X ^ X is an isometric 
isomorphism from 

(i) LP([0,l],£(ft) so ) onto L p ([0,1], B cmx (W) so ); 

(ii) LP([0,1],B(W)) onto Lf([0,l],B cmx (7^)). 
Moreover X — X . 

The process X is the cmx representation of X. 

The relationship between unbounded chaos matrices and the operators they 
represent is not straightforward. The chaos matrices are a vector space for 
entrywise addition and scalar multiplication while C(H) is not a vector space. 
There are non-trivial chaos matrices which represent only the trivial opera- 
tor with domain {0}. Although a chaos matrices always represents a linear 
transformation not every linear transformation has a chaos matrix represen- 
tation. Nor is the correspondence between a chaos matrix T and the operator 
T always one to one. 

However under some conditions symmetric chaos matrices represent unbounded 
essentially self-adjoint linear transformations. 

If X is in C p mx (H) so then J Q * X s ds is the cmx process with entries 

J X s )ds. 

Theorem 2.7 Let X be a process in L p ([0, 1], B cmx (H) so ) where 1 < p < oo. 
Ifl/p+l/q = 1 andi,j = 0,1,2,. . . then, for0<t<l, 
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(i) X) e Lv([0,l},B(W,H% o ) with \\X)\\ p < \\X\\ p . 

(ii) The linear transformation defined by the formula 



X u Udu, ^eH j , 



belongs to B(W,W) and ||F t }|| < t l / q < t 1 ^ \\X\\ p . 

(iii) The series Y^^o^t)^ is convergent for each ip G H. 

(iv) The chaos matrix Y t with entries Y t ^ is bounded with \\Y t \\ < t x l q ||X|| . 

(v) Ifi/ieH then 

Y t ip = / X u ip du. 
Jo 

Proof, (i) If ip G W then X u jip = tt 1 X u iI). Since 7r* is continuous and 
u i— > X u ip is measurable it follows that u \— > X u % ^ is measurable. The norm 
bound follows from the fact that ||X}|| < ||Xj|| for all u G [0, 1]. 



X u )ip du 



< 



\X v )il>\\ du< 



Xt- duU\\ < ti IX 



(iii) If ip G 7ioo then, interchanging finite sums and integrals, 



3=0 



J ° 3=0 



(x u ipy du 



X u ip du 



< 



X, 



du \\ip\ 



Thus the series X^o^M^"' satisfies the Cauchy condition for convergence. 
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(iv) If V G H and V (n) = ^\ ■ ■ ■ , ip n , 0, . . .) then 









< 




• V (n) | ^ 





By the dominated convergence theorem 



/* / °° \ 00 ft 00 

\j=0 J j=0 J ° j=0 



converges to rf in TC l . If <fi ETC then 



oo OO „ 

i=0 i=0 



1=0 
oo 

£ 

i=0 



;i2) 



< 



where the inequality follows from the dominated convergence theorem and 
the Cauchy-Schwarz inequality 



J2\((x u ipy,<f>)\< 



i=0 



X u ^ 



< \\x„ 



This shows that D(Y t ) = H and Y t is bounded with \\Y t \\ < t 1 ^ \\X\\ . 
(v) It follows from fll~2|) and the dominated convergence theorem that 



X u ijj, <fi) du 



X u ip du, 4> 



If /C is a complex Hilbert space with chaos decomposition /C = ©°1 the 
forgoing analysis above may be carried out with B(TC), B cmx (H),... replaced 
hy B{H,K), B cmK {H, £),.... 



We shall only consider two chaos decompositions in this article: 
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1. Complex Hilbert sequence space £ 2 . This is the direct sum of one-dimensional 
Hilbert spaces. In this case chaos matrices are called scalar matrices. 

The scalar matrices have a partial ordering: K, -< V if Kj < V 1 , for all i, j. 

2. Boson Fock space. Let fj t ] J = -^s ym ([0;^P) be the Hilbert space of totally 
symmetric square-integrable functions on [0,tp and let 

tit] =£°©iV ©••• ®Sj t ] '©•••. (13) 

Then $j t is the Boson Fock space over L 2 [0,t] often denoted $ + (L 2 [0,t]). 
This is one of several equivalent representations of $ + (L 2 [0, £]). The chaos 
decomposition (|T3|) is the Focfc decomposition and will be used throughout 
this article. If t = 1 put f) = #i] fi- 7 = fiif 

If g G £ 2 [0, 1] let e J (g) = (j!) -1 / 2 ^ © • • • © g G & . It is an easy consequence 
of the Stone- Weierstrass theorem that £\ the linear span of {e-*{g) : g G 
L 2 [0, 1]} is dense in . The exponential vector e(g) G ft is defined by 

e(g) £ (1, e 1 ^), e 2 (g), ■ ■ ■ , e?(g), ■ ■ -) 4 = (1, 9, j^, • • • , • • •)*■ 

The exponential domain, £ s , S C £ 2 [0, 1] is the linear span of {e(g) : g G L}. 
When 5 = L 2 [0, 1] then we put £ s = £■ 

The Bose-Fock spaces #(t = ©jl ^K^' with ^(j- 7 = L 2 yni ((0, lp) are simi- 
larly defined. 

Both fj t ] and #(t are subspaces of fi and S) can be identified with Sjt] © <ft(t- 
There is a unitary map il = ii t '■ fit]® ft (t ~ > # sucn that, whenever g G £ 2 [0, t] 
and h G L 2 (t, 1], 

il(e(g) © e(/i)) = e(g + h). 

For each linear transformation Ta in whose domain contains the expo- 
nential domain generated by £ 2 [0,t] the formula T t = il o (T t j © J( t ) o Ur 1 
defines a linear operator in fi, the ampliation of T t i. 

In order to describe ampliation in terms of chaos matrices we briefly review 
the construction of general Bose-Fock space over a complex Hilbert space H. 
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Let H° = C and let H j = H © • • • <g> H the j-fold tensor product of H with 
itself. The Fock space of H is 

oo 

3(H) = (B&. 

3=0 

Let Sj be the group of permutations of {1,2, ... There is a unique 
orthogonal projection P in $(H) such that 

P(fi © • • • © /j) = (J!)" 1 E /«i ® • • • ® A- 

whenever fi, . . . , fj E H . The Bose-Foch space $ + (H) is defined by 

= P$(H). 

If ft = 3+(H) and ft J ' = PH j then the Fock decomposition 

is a chaos decomposition of Ti. The exponential vector oi h E h is 

h(2) h (j) 

where /i^ = h ® ■ ■ ■ ® h, the j-fold tensor product of /i with itself. The set 
{e(h) : h E if} of exponential vectors is total and linearly independent. If 
hi, . . . , hj E H then P(hi © ■ ■ ■ © hj) is in the linear span of {h^ : /i E H}. 
It follows that {h® : h E H} is a total subset of W . 

Suppose H = Hi © H 2 is the direct sum of orthogonal subspaces Hi and 
i?2 and let Ti\ and 7^2 be the corresponding Bose-Fock spaces. There is a 
unique unitary transformation it from Tii © Ti 2 onto Ti such that 

lt(e(/ii) © e(/i 2 )) = e(/ii + h 2 ) whenever hi E Hi and h 2 E H 2 . (14) 

For i — 1,2 let 7Yj = ©"loTif 7 be the Fock decomposition. Then Tii 3 ~ r '®Ti 2 
may be regarded as a subspace of 3(H) 3 by putting 

j-r times r times 

/4 J ~ r) © /i 2 r) = h © • • • © /ii © /i 2 © • • • © h 2 
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whenever hi G Hi. For a G TC^ r and /3 G 7i 2 r define a® sym /3 = P{a®(3) and 
put W" r ® sym H 2 r = P{Hi j -' r ® ft/). The vectors {/i^ ® sym foM : G 
ill, /i 2 G ft 2 } are total in 7i^~ r (g> sym Ti 2 . The subspaces {7i^~ r (g> sym 7i 2 r : 
< r < j} of 7i are orthogonal. 

Proposition 2.8 



3 



(i) ^ = 0(W" r ® sym H/) 



r=0 



and is the closed linear span of the vectors 

^ = a J ® sym /3°+- • ■+a'- r (g) Byin (3 r ■ ■ -+a ® sym /3 J , a'~ r G W" r , (3 r G H 2 r . 
(ii) iW~ r ® H 2 r ) = H! j - r ® sym ft 2 r . 



(hi) ii(a'- r «'" r ® sym /3 r . 

Proo/. If h l eH l ,h 2 e H 2 and a, 6 G K then, by (|TJ), 



il(e(a/ii) (8) e(bh 2 )) = aj ~ r}) 

J=0 r=0 



v ' h ( t r) g ?4 r) 

((j -r)!r!)V2 



Since P{{ah x + 6/i 2 )^) = (a/ii + bh 2 )^ , 

a (4- i~r h r ® \ (ahi + bh 2 )^ 

U l2^ a & ((j-r)!r!)V 2 j = (jQi/2 ( 15 ) 



,r=0 



r=0 

j 



a j ~ r b r ( 

r=0 ^ 



The vectors on the right hand side of Equation (pl|) are total in W so that 
(i) follows from (|T^) . Parts (ii) and (iii) follow from equating the coefficients 
of a?- r b r in (fLoD and (TO). ■ 
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A subspace S of L 2 [0, oo] is admissible if 

(i) X[o,t]9 belongs to S for all t G [0, 1] whenever g E S; 

(ii) S + iS is dense in L 2 [0, 1], 

Hudson and Parthasarathy [llj use for their integrands processes of oper- 
ators whose domains contain Ss for some fixed admissible subspace S of 
L 2 [0, 1]. Fortunately, with these domain restrictions the correspondence be- 
tween chaos matrix T and linear transformation T is one to one. 

Lemma 2.9 Let T be a linear transformation in TC with £$ C T>(T) for 

some admissible subspace S of L 2 [0, 1]. If T is a chaos matrix representation 
ofT then for each g G S , the sum 

oo 

E^Gd ( 17 ) 

J'=0 

zs absolutely convergent in Sj l for i = 0, 1, 2, . . .. 

Consequently T is the only chaos matrix representation ofT. 

Proof. Since S is a complex vector space e(zg) is in whenever g G 5 
and z G C. Now e^{zg) = z^e(g) so that the power series Y^Lo^^j^id) * s 
convergent, and therefore absolutely convergent, in S) 1 for all z G C. 

If 5 is a cmx representation of T then z ^j e ^(9) = Y^T=o z ^) e ^{9) f° r 
all z G C. Therefore S^e^g) = T^{g) for all g <E S. Since 5 is admissible 
S + «5 is dense in L 2 [0, 1] and £g = {e?{g) : g E S} is total in i^. The 
bounded operators Sj and T* agree on £3 and therefore = Tj. Therefore 
S = T and T is the only cmx representation of T. ■ 

Similar considerations apply to the chaos decompositions of S) t ] and Sj(t and 
the corresponding exponential domains £ t ] and Eu. 

3 Basic Processes 

In quantum stochastic analysis the basic integrators have particularly simple 
cmx representations: diagonal, subdiagonal and superdiagonal. This and 
Lemma |2.9| make feasible a chaos matrix based theory of quantum stochastic 
integration compatible with the Hudson-Parthasarathy theory. 
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If J G B{L 2 {R + )) define A(J)J in by putting A( J)° = and 

3 

(A(J) 3 j ^)(x 1 ,...,x j ) = ^(J l/ ip)(x u ...,x j ), 

whenever ip G ft 3 , j = 1,2,.... In this formula J v acts on ip by fixing 
all variables other than x v and then applying J. The theory of Lebesgue 
integration shows that J v is in £>(fj) with \\J U \\ = \\J\\ for j = 1,2,... and 
v — 1, . . . ,j. Therefore A(J)j is well defined with ||A(J)j|| = j \\J\\. 

The second quantisation of J || §5.2.1] is represented by the chaos matrix 

A(J) = diag[0,A(J)l,A(J)=,A(J)l,...]. 

If J is self-adjoint then A(J)^ is self-adjoint for all j G N and A(J)* = A(J). 

If / G L 2 [0, 1] define the adjoint pair, a(f) j j+1 in B(& +1 ,&) and at(/)^ +1 in 
B{$y.$y'>). by putting 

K/)i+iV')(^i ) ---,^) = (j + !) 1/2 / f{s)ij)(x 1 ,...,x j ,8)ds, 

Jo 

j+i 

( at (/)j + V)(>i, • • • , = (J + !) _1/2 5^ fM<P( x i> ■■■ ,£/,■•• , x j+1 ), 

whenever, j = 1,2,..., ip G iy +1 and if E Sj 3 . The 'hat' over i F in the above 
formula suppresses x v . Then 

\\<f)U\ = u + 1) 1/2 ll/ll , ¥(f)i +1 \\ = (j + 1) 1/2 ll/ll , (is) 

and the chaos matrices 

... " 

a t(/)i o ... 

at(/)2 o ... 

at(/)| ... 



represent, respectively, the annihilation and creation operators a(f) and 
a^if) on T>(N l l 2 ) [||, §5.2.1]. The same symbols a(f) and a^(/) denote the 
matrices above and the operators they represent. 



a(f)l 
a(f)l 
a{f)l 
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If / is in L°°[0, 1] and jeNU {0} then, for ip e f> i+1 and <p G L 2 ([0, 1],#), 
the formulae 



V(/)5+iW0(s)(xi,...,Sj) = (i + l)^(x 1 ,...,x i ,s)/(s) ) 



Xl, • • • 5 • • • ) + 1 j) 



fc=l 



define an adjoint pair of bounded linear transformations 



oo ' 



V(/)J +1 :iy +1 -L a ([0,l],y 
A simple calculation shows that 

||V(^ +1 || = (J + 1) 1/2 
The chaos matrices 



V(/)S 
V(/)i 
V(/)§ 



S(/)J +1 :L a ([0, 



IsOOHhO' + i) 172 





5(/)J 

S(f)j 

<S(/)| 



• (19) 



(20) 



represent V(/), the gradient operator, and S(f), the Hitsuda-Skorohod op- 
erator, on V^N 1 / 2 ) JIJ], §1.]. We dispense with the " denoting operator 
and let V(/) and «S(/) stand for the matrices and for the operators they 
represent. Similarly we write N for the number operator. 

It follows from flT|) that (N + 1) _1//2 V(/) and S(f)(N + 1)~ 1/2 are bounded 
in norm by 



If t e [0, 1] then 

We will sometimes write V(f)(s)(p for (V(/)<p)(s) and Vt(s)<^ for Vf(<£>)(s) 



v f = v( X[ o lt] ; 



r, def c / 
*->t = <~>{X[0,t] 



The operators V(/) and S(f) are formally adjoint |14[ . This is reflected in 
(21) below. The identity (|23|) is the key to the quantum Ito formula. 
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Proposition 3.1 Let f, g G L 2 [0, 1]. Ifip, 6 G L 2 ([0, 1], (f) G L 2 ([0, 
and ip G then 

WWM = I Ms)Mf)(s)'p)ds = (i/>Mf)<p); (2i) 

JO 

(S(f)i>,<f>(u)) du =11 (iP(s),V(f)(s)<f>(u)) duds- (22) 

Jo Jo 

(S(f)4>,S(g)e) = [ [ (V(7)(u)iP(s),V(g)(s)9(u)) duds 

+ r (f(s)rl,(s),g(s)6(s)). (23) 



JO 







Proof. For each s G [0, 1] the functions VK 5 ) an d ^ are completely symmetric. 
Therefore (S(f)ip,<f) equals 



3+1 /•! 



(i + i) 2 V / fMifrMfa,... )v3(xi,...,x j+ i)<ix 



(i + 1) 5 / / i>{s){yi,...,y j )<p{yi,...,y j ,s)f{s)dyds 
Jo J[o,ip 

<V(s),V(/)(s)^> tfe, 







where <ir = dxi...d,Xj + i and = dy\...dyj, proving (^T]). This leads 
immediately to (|22|). To prove (f23|) note that (j + 1) (S(f)ip,S(g)9) is equal 
to 

/■ 

V] / f(x k )tp(x k )(xi, ...,x k ,.. . ,x j+1 )g(xi)8(xi)(xi, ...,x h .. .,x j+ i) dx 

J+ 1 /• 

= f(x k )ip(x k )(xi,...,x k ,...,x j+1 )g(xi)8(xi)(xi,...,xi,...,x j+1 )dx 

)g(xfc)6>(x fc )(xi, . . . ,x fc , . . . ,x i+ i) 
= (i + 1)/ / (V(7)(n)V(«),V(5)( S )^(n)> duds + (j + l)[ (f(s)^s),g(s)e(s)).M 



JO JO 

The proof of (p2y yields the following corollary. 
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Corollary 3.2 If f G L°°[0, 1] and j'eNU {0} i/ien 

(V(/)^ +1 )*=5(/)f 1 . 

If ^ is one of the basic matrices A(/), a(f), al(f), V(/) and £(/) then ^ 
is tridiagonal. Therefore, the product chaos matrices \&T and T\l/ exist for 
each chaos matrix T. For example the formulae 

((v(/)T);.-V)(^)(^i,---,^-i) = (v^r 1 ^)^)^,...,^); 

((TV(/))^)(a)(xi,...,xO = (^(V^fV)^))^!,-..,^), 

whenever r/> G fj J define the products (composition) of the chaos matrices 
V(/)T and TV(/). The other products are similarly defined. 



4 Adaptedness 

Let T = {T 4 : t G [0, 1]} be a process of operators in C{Ti) which is adapted 
in the sense of Hudson and Parthasarathy [|TT] , Definition 3.1]. Then T t is 
the ampliation of an operator T t i in for all t. A possible definition of 

adaptedness for a cmx process T would be that the corresponding operator- 
valued process T be adapted. Our proof of the quantum Ito formula for 
cmx semimartingales requires a more intrinsic definition of adaptedness and, 
in particular, a description of ampliation in terms of chaos matrices. This 
intrinsic definition is shown to be compatible with the Hudson-Parthasarathy 
definition. 



For each t G [0, 1] there is a unique unitary il = ii t : S)t] <%> fi(t c — » •£) 
satisfying 

&{e{g t] )®e{g {t )) = e{g t] +g {t ) V g e L 2 [0,1] (24) 

where g t \ = X[o,t]g and g^ t = X(t,i]9- The map $S t is natural and defined at the 
algebraic level: 

£ = il t (£ t ]®£(t) 

where £, £ t \ and £{t are the exponential domains of f), Sj t ] and $)r t respectively 
and '®' denotes algebraic tensor product. 
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For the rest of this section fix t G [0, 1] and put il = ii t . Let Tq be a 
linear transformation in Sj t ] with domain TJ(T t ]). The ampliation of T t ] to 
&[V(Tt])®$j(t] is the linear transformation T t = ito (T t ]®I( t ) oil -1 . Thus for 
a G V(f t] ) and /3 G % 

Any extension of T t is said to be an ampliation of T t \ . 

If T t ] is bounded with cmx representation T t ] there is a unique bounded chaos 
matrix T t such that T t is an ampliation of T t ] to i^. Therefore the entries of T t 
may be represented in terms of the entries of T t i . To find this representation 



we use the deconstruction of il described in Proposition 2.8 



It follows from Proposition ^]8] that if a G Sj^ r and (3 G S) r ^ t then 



U(a®P)= l 3 r J a ® sym (25) 

Moreover fj J is the closed linear span of all vectors of the form 

V = a j ® sym f3°®---®a j - r ® ayin (3 r ®---(Ba ® sym f3 j , (26) 
where a^~ r G ^]~ r and [3 r G S)^ t . 

If a, 7 G ft l t r r and /?, 5 G 5}^ then 



|o;® = \\ii(a ® (3)\\ = ( 1 ) ||a:<g) 



r 



,,, 



and, by polarisation, 



, (a © sym /3, 7 <g> sym 5) = (a, 7) 5) 



This implies that if S G i3(^'" r , f)jr r ) then 



f] ' JJ t] 

((Sat) © sym P, 7 © sym 5) = (i)(a © sym ft (5*7) ® sym 5) , (27) 



whenever a G #0 r , 7 G 5% r and {3,5 E Sj r ^ t . 
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Define S ® sym 7^ in B(fiq r ® sym $) r ( P $) l t ] r ® sym 8[ t ), where 7 ( r 4 is the identity 
in 53^, by putting 

(S ® sym 7 { r t )(ct (g) sym /3) = (So:) <g> sym /3 

whenever a G i^i - r and /3 G It follows from flZBj) that 

_ i i 

S® 8ym 7[ t = rj VjVlX^®^- 1 . (28) 

We obtain following lemma directly from (|27|) . 
Lemma 4.1 7/ 5 G £(Sj~ r , fljf r ) ^en 

(l)(S ® sym Jfc)* = ( j r ) (S* ® sym J[ t ). (29) 

Theorem 4.2 Lei T t i be a chaos matrix for S) t ] and let T t be the chaos 
matrix whose entries are defined by the formula 

iAj , ■ \ \ / ■ \ -\ iA i 

T *5 = ( 1) (l) T-r ®*- It) = 0^ ° i T t] T-r ® I^) O U- X .(30) 

TTien 

(i) il[:D(T t] )®%] C ©(T t ); 

(ii) T t is an ampliation ofT t i on it[S)(T t ])®^( t ] . 

Proo/. If a G D(T t] ) and /? G % then = (T t] a)< = J2?=o T t] where the 
sum is convergent in fj\ Moreover r\ = (r/ , rj 1 , . . . . . .)* G f). Therefore 

i 

((Z^a)®/?)' = 0(T t] a)^®^ 

r=0 

i oo 
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r=0 j=r 

oo iAj 

j=0 r=0 

oo iAj 

= £0(^£®if t )(a®/?). 

j=0 r=0 

These sums are all convergent in i^j (g) i3(t- Therefore 



H[(T t] a)®/?] 



ii([(f, P )®/3n 

oo iAj 

j=0 r=0 

oo iAj 

E© 

j=0 r=0 



(T fl *^«u^M(«®/9)(|31) 

(32) 



Equation (|31]) follows from (|28|) and the sums are all convergent in fj\ Now 



0((f t] a)®/3Y = 00(f i|a r®^ 



i=0 r=0 
oo oo 



r=0 i=r 

oo oo 



= 00W^ 

r=0 i=0 

which is convergent in fit]® ft (t to (Tija) ® /3. Therefore 



i=0 



a) <g>/3 
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is convergent in It follows from (|32|) that ® /3] belongs to S)(T t ), 
proving (i), and also that 



(T t] a)<8>/3 = T t U[a<8>/3]. 



Therefore Tt agrees with the ampliation of Ti] on D(T t ])^_S)(t, proving (ii). ■ 

We define the ampliation of T t ] to be chaos matrix T t defined by formula fl30l). 
In this case we write 

T t = T t] <g> sym J (t . 

Note that T t is (2/c + l)-diagonal whenever T 4 ] is (2k + l)-diagonal. 

A cmx process T is adapted if for each i e [0, 1] there exists a chaos matrix 
T t i such that T t is the ampliation of T t ] for each t € [0, 1]. 

It was shown in Theorem |2.2| (ii) that the map T h T is an isometric 
isomorphism from B cmx (Sj t ]) onto B(S)t]) for each t G [0, 1]. This leads to the 
following corollaries. 

Corollary 4.3 Let T t be a bounded chaos matrix. ThenT t is the ampliation 
ofT t ] G B cmx (Sj t ]) if and only ifT t is the ampliation o/T t j. 



Corollary 4.4 T = {T t : t G [0, 1]} is a regular adapted cmx process if and 
only T = {T t : t G [0, 1]} is a regular adapted operator process. 

Using the gradient operator V = V(x[o,i]) we gi ye a characterisation of 
ampliation which is significantly easier to use in computation than fl5H|). 

In what follows V(s) (■?/') denotes (V(?/>))(s) whenever ip G T>(N 1 ^ 2 ). 

Let JAj_ r , j > r be the set of strictly monotone functions it : {1, 2, . . . , j — 
r} — > {1, 2, . . . , j} and if tt G JAj_ r let jf be the unique function in C 3 r whose 

image is disjoint from that of tt. Note that \A4 3 r \ = \-M-j 
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Lemma 4.5 If a & f)^ r , (3 G f)^ and si, . . . , s r G (t, 1] i/ien 

i 

V(s!)(a® sym /3) = ® sym V(si)/3; (33) 

3 2 

V{s x )---V{s r ){a® sym (3) = (a® sym l)/3( Sl ,...,s r ), (34) 

where 1 is the unit in S)% — — C. 
Proo/. 

V(si)(a ® sym /3)(sci, . . 



\ -i 

I ^ ^ ^(^7Tl ' ' ' ^7T :? '_ r )/^(^'7ri ' ' ' *^7T>_1 5 ^l) 



7rSA1 J . 

3— f 



7T r =J 

1 

r 



f 2 V ^ 



^ ^ Q^XtI-j ' ' ' ■^nj — r )P^Wl ' ' ' •^TT, 1 ) ^l) 

-1 

a{x ni ■ • •x vrj _ r )(V(si)/5)(x fi - 1 • ■■x^ r _ 1 ) 



J 2 ( ( J - 1 



r 2 



T 2 



1 J (a <8> sym V(si)/3)(xi, . . . 



— (a ® sym V(si)/?)(xi, . . . jXj-i), 
J 2 

proving (^). Repeated applications of (|33|) give d34|) . ■ 

Theorem 4.6 A chaos matrix T t for f) is the ampliation of a chaos matrix 
T t ] /or i/ and on/y i/ ; for each s G (i, 1], 

(i) TiV(s) = V(s)T 4 and (ii) T*V(s) = V(s)T*. (35) 

In tais case, i/i, j G N, then 

Tq) = X[o,tyT t )X[o,t] i - (36) 
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Proof. If T t is the ampliation of T t \ and a 3 r G Sj^ and /3 r G Sf^ then 

i _ i 



(T t] p> 3 ~ r ® sym v(s)/T) 

r\ 3 /i — l\ 2 /j — 1 



r — 1 7 V r — 1 7 |J 



TtpK^'^ ® Bym V(s)/T) 
T t £ 1 1 V(s)(a>'- r <8u /F). 



It follows by linearity that T t y_\V(s)ip ] = V ' {s)T t l -ip ] almost everywhere for 
all ip J of the form (p5| ). Since such t/'- 7 are total in fj- 7 the identity ([35]) (i) is 
valid. 

It follows from ( p8|) and definition (|30|) that T* is the ampliation of T t *. 
Therefore the identity ([35]) (ii) is also valid. 



Suppose conversely that T t satisfies the identities (poj ) (i) and (ii) and define 
T t ] by If a j ~ r G ^j~ r and (3 T G and i > j then 

V(si)---V(s r )T t }(a<g> aym /^ = T t ;-;v( S i)---v( Sr )(«® sym /?) 

'' 1 Tijl r r (a(8) Bym l)/?(s 1; ...,s r ), 
(T t] l -_ r r a ® aym l)/3(si, . . . , s r ), 



r 



The third equality is valid since V{s)T t l -^ r {a ® sym 1) = whenever s G (t, 1]. 
Therefore 

^5 = E(^) 2 (Q V<|& ( 37 ) 
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whenever i > j. Now put S t = T t * , apply fl3T|) to St, take adjoints and use 
dH) to give 

i I -I 



r=0 



r=0 

Thus Equation (p7|) is valid for all i, j and T 4 is the ampliation of T t ] defined 
by Formula (BH). ■ 



The characterisation (|35| ) does not transfer directly to operators T since there 
is no guarantee that the product operators V(s)T t exist on the domain of 
V(s) even when T t is bounded. At the formal level it is closely related to the 
extended definition of adaptedness given by Attal 0, §1.1.2]. 

It is also related to [?, Definition 4.3.] which appears to be an integrated 
version of (131 



Corollary 4.7 If S and T are adapted cmx processes then 

(i) T* is adapted; 

(ii) the product process ST is adapted whenever it exists. 

Proof, (i) It is immediate from ( flop that T is adapted if and only if T* is 



adapted. 

(ii) The product process ST exists if and only if (ST) exists. Since S and 
T are adapted 

S t T t V{s) = S t V(s)T t = V{s)S t T t , 

and 

T*SfV{s) = T*V{s)S* = V(s)T*S*, 

so that (ST) t V(s) = V(s)(ST) t and (ST)*V(s) = V(s)(ST)* whenever 
s > t. Therefore (ST) t satisfies (|35| ) and ST is an adapted process. ■ 
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5 Processes defined by Kernels 

A large class of adapted processes in ££ mx (i!j) may be denned using L 2 ker- 
nels. Such kernel processes may be used to provide non-trivial examples of 
quantum semimartingales which satisfy the quantum Duhamel and quan- 
tum Ito formulae. They should not be confused with the "integral kernel 
operators" studied by Obata[§4.3]OBl For i, j G N U {0} let 

k t )(x-y) = k)(x;y;t), (x;y;t) G [0,1]* x [0, 1]' x [0,1], 

where x = (x\, . . . , y = (yi, . . . , be a Lebesgue-measurable kernels 
completely symmetric in both x±, . . . ,Xi and yi, . . . , yj. Suppose that k t ] is 
bounded in the L 2 -norm, for each t G [0, 1]: 

\ 1/2 

k % Ax] y; t)\ 2 dxdy I < oo, 



INII = ( 


7 




v/[0,l] i x[0,l] J ' 



and let Q; t be the scalar matrix with entries OL t l j = \\ktj\\- If £ G [0, 1] let k^ 1 . 
be the restriction of k* to [0, i] J x [0,tp x [0, t]. The formula 



(K t] l 9)(x) = / fc*(x; y;t)9(y)dy, 9eS)), (38) 
defines tf t] j in ) so with ||K t] *|| < a t J. 

Theorem 5.1 Let be the chaos matrix for fit] with entries K t ] l j defined 
by (??). 

(i) Then K = {K t : t G [0,1]} is an adapted cmx process where K t is the 
ampliation of K t \ defined by bb(ii) If Qij G L p [0, 1] for alli,j then 

K G ^craxC'^Jso- 

(iii) If the matrix [ktj] is (2k + l)-diagonal then so is K t . 

The adapted cmx process K represents the adapted operator valued process 
K = {K t : t G [0, 1]}. However, without extra conditions on K, the process 
K need not be regular. Nor need the operators K t have a common dense 
domain. 
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Suppose OL t belongs to £> cmx (£ 2 ) for each t G [0,1]. If ip G fit] then u(ip) = 

[\\*f>°\\> W^W, ll^ 2 H> • • •)* belongs to I 2 and the series (j\ 0}(t) ||^||) 2 is 
convergent. For each ip G j^i define 



j=0 



(39) 



i=0 



These series converge since ^(■0) G ^ 2 and 



2 

oo/oo \ ^ oo/oo 



j=0 i=0 \j=0 / i=0 \j=0 



|2 n , ||2 
t\\ 



The operator K t is bounded with K t < \\Oi t \\. We immediately have the 
following proposition. 



Proposition 5.2 The formulae (\39i) define an adapted regular operator pro- 
cess K = {K t : t G [0, 1]} with K t = K t ^ ® sym J( t snc/i i/iai if t ] zs a cms 
representation of K t \ and K t is a cmx representation of K t . 

If Oi belongs to the Bochner-Lebesgue space L p ([0, 1], £> cmx (£ 2 )) then K G 
L*([0,1],B(J5)). 

Given a (2/c+l)-diagonal matrix /c* of L 2 -kernels with *|| << C it is possi- 
ble to construct a variety of (2& + l)-diagonal processes in L p ([0, 1], B cmx (£ 2 )). 

Choose functions t t— > cUt) = c{(t) with |c*| < a G L p [0, 1] and put kt ) = 

c){t)k t ). Then the process X defined by fl3J) belongs to L p ([0, 1], £ cmx (£ 2 )). 

If the matrices {Oi t : t G [0, 1]} have common domain 2D C £ 2 then if is an 
operator process the operators {K t : t G [0, 1]} have common domain X> such 
that {ip G fj : i/(V>) G 2D} C P. If 2D contains a dense subset of the positive 
cone in I 2 then T> is dense in Sj. 
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6 Quantum Stochastic Integrals 

Lindsay [|14], Definition 2.1, Proposition 2.4] extends Hudson and Parthasarathy's 
definition of quantum stochastic integrals [jTTJ] to include non-adapted inte- 
grands. Lindsay's integrals are defined in terms of the Hitsuda-Skorohod 
process t i— > St and the gradient process 1 1— > V*. The cmx representations of 
these two processes are given by (0). Their simple form facilitates a formal 
calculation of the cmx representations of Lindsay's quantum stochastic inte- 
grals. This leads us to definition of the cmx quantum stochastic integrals of 
cmx processes compatible with Lindsay's definition for operator processes. 

The integrators are the quadruple (A, A, A\ t) of basic processes: 

the gauge process A : t — > A(x[o,t])', 

the annihilation process, A : t — > a(x\o,t])', 

the creation process, A^ : t — > aJ(x[o,t])] 

the time process tl = t. 

In the definition of the gauge process X[o,t] B(L 2 [0, 1]) is the operator of 
multiplication by X[o,t]i 

A quadruple (E,F,G,H) of cmx processes is integrable if E e £^ x (^) so , 
F,G e Cl mx (S)) so , and H e jCl mx {S)) so and symmetric if E = E* , G = F* 
and H = h . The processes E, F, G, and H are integrands for dA, dA, dA^ 
and dt respectively. This is consistent with, but wider than, the definition, 
(|57|) of an integrable quadruple of operator processes introduced in M. 



For the sake of clarity and to prevent a 'debauch of indices' in the proofs we 
have kept to this old-fashioned notation rather than using Evans' notation 
0, Hill V §2.1]. However Mr A Belton's extension of the Evans notation 



allows a very efficient proof of the local Ito Product formula, Lemma |9.1| . In 
the higher dimensional case the benefits of the Evans-Belton notations are 
even greater. 
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Let (E, F, G, H) be an integrable quadruple of cmx processes. The formulae 

M(E : dA) = SEV, M t (E : dA)}+\ = ^j +1 ^V t } +1 , (40) 

M(F :dA)= [ F s V(s) ds } M t (F : dA)) +1 = [ F.}V4 +1 (s) ds, (41) 

M(dA f : G) = SG, M t (dA ] ■ G)f l = St^G), (42) 

M t (H: dt)= [ H s ds, M t (H : dt)) = [ H s )ds, (43) 
Jo Jo 

M t (E : dA)° = M t {E : c?A)q = M t (F : dA) = Af t (dAt : G)° = 
where i,j = 0, 1, 2, . . ., define cmx processes 

M(E:dA), M(F : dA), M(dA^ : G), M(H,dt). 

It may be helpful to think of these processes as cmx representations of the 
Hudson-Parthasarathy quantum stochastic integrals 

E s dA s , [ F s dA s , [ dAlG s , [ Hf, ds. 



o jo 



We examine the first three of these definitions in more detail. In (pED]) Ej de- 
notes the mapping E* : L 2 ([0, l\,$y>) — > L 2 ([0, l],Sj l ) defined by the formula 

(£>)(s) =E s i<f(s), <peL 2 ([0,l],&). 
Consider the diagram 

&+i L 2q 0) 3+ l 2 ([o, i], tf) 

The transformations are all bounded so that M t (E : dA)*^ = l S<* +1 i?jV t j +1 
is a bounded linear transformation and ( fiO| ) defines a cmx process M(E : dA). 

Since ||V^ +1 || < (j + I) 1 / 2 it follows that s \— > F s % jVtj + i ls m the Lebesgue 
space L 2 ([0, 1], $) l ) so ) and (|4"1| ) defines a cmx process M(F : dA). 

If if) G 5} J then s h-> G s }V is a process G*-^ in L 2 ([0, 1], fj l ) and ^ h-> <S t l +1 Gjif> 
is a linear transformation St^G in B(fy , Therefore (|4"2| ) defines a cmx 

process M(dA f : G). 
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To avoid reindexing we define E\ = Fj = = whenever i < or j < 0. 



The following theorem shows that the integrals defined above belong to 
£cmx(fj)so and that it is natural to choose the respective integrands in the 
spaces £ cmx (.f)) so , £, cmx (Sj) so , £ cmx (,f)) so and C cmx (Sj) so . 

Theorem 6.1 The formulae fl4"0|) , ([41]), ([42[) and (|43|) define processes in 
^Six(^)so- Moreover 

(M t (E : dA)£i)* = M,(E* : dA)S! (44) 

(M t (F : dA)} +1 )* = M t (dAt : F*)f\ (45) 

(M t (H : dt)j)* = M t (H*:dt){, (46) 

\\M(E : rfA^+HL < (i + l)ty + 1)* Halloo' ( 4? ) 

HMCFidA)}^^ < (J + 1)^||^|| 2 , (48) 

||M(F:^)}L < llfljl^. (49) 

Proof. The measurability of the processes follows from the measurability of 
1 1— > V(t) and t \-> S t and an extension of Corollary ^73| . It follows from (p~9|) 
that 

||M(E : rfA^L < snp ||^j|| ||V,J +1 || = + + ||^L, 

te[o,i] 

proving (47). If -0 G fj- 7-1-1 then 

||M t (F : < T ||F4|| ||v4 +1 (s)^|| ds 

Jo 



i 



< U \\Fs}\\ 2 ds) ( / ||V*} +1 (a)r|r ( /.s 

< (i + 1 ) l ll^ll 2 



proving (f|8). A similar argument gives (f4~9"|). 
Suppose /, g e I/ 2 (0, 1). It follows from (ET1) that 

(M t (E : dA)^e J+1 (/), e m (g)) = (<S t : +1 £*V t j +1 e J+1 (/), e* 1 ^)) 

= / 1 <^.}v t 3 +1 ( a )^ +1 (/) I v t * +1 ( a ) e i+1 ^)> 

./o 
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f(s)g(s)(E s i j e^f),e i (g))ds (50) 



m 9 (s)(e^f),(E%ie i (g))ds 

<V^ +1 ( S )e^(/), (E%iV t j +1 (s)e^(g)) ds 

= (e> + \f),S t f\Ey i V t \ +1 e* + \g))ds 
= (e> +1 (f),M t (E*:dA)t:ie^(g)). 

Since {e n (f) : / G L 2 [0, 1]} is total in $) n and M t (£ : dA)^ is bounded this 
proves (0). Put G = F* . It follows from (0) that 

= f {G s ) +l ^ + \f)^ t \ +1 {s)e l+ \g)) ds 
Jo 



g{s)(G s ) +l e^ l {f) ) e\g))ds (51) 

= fW){e 3+1 {f),F s ^e\g))ds (52) 

= ^ 1 <^ +1 (/),F4' +1 V,i + i( S )e m (^)>^ 

= <e^ 1 (/),M,(F:^ 1 V +1 (^)>, 

and (f45|) follows as above. A similar argument gives (0). ■ 

The cmx quantum stochastic integral, M = M(E, F,G, H), of an integrable 
quadruple (E, F, G, H) of chaos matrices is the process 

M t — M t (E : dA) + M t (F : dA) + M t ( dA ] : G) + M t (H : dt). (53) 

The term cmx quantum stochastic integral may also be used for the definite 
integral. 

M is regular if M t G B cmx (S)) for t G [0, 1]. We shall us the notation 

/ (E s dA s + F s dA s + dA\G s + H s ds) 
Jo 
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although the subscript s in the integrand is sometimes suppressed. If < 
t\,t2 < 1 define, 

f 2 (E dA + F dA + dA^G + Hds) = M t2 (E, F, G, H) — M tl (E, F, G, H) . 
Jti 

The integral behaves in behaves in the usual way with respect to t\ and ti- 

The control matrix of M (of the integrable quadruple (E,F,G,H)) is the 
scalar matrix tv = t$(M) with entries 

V = * 1/2 + \\fUL i 1/2 + * 1/2 PT% + \\ H il > (54) 

with the convention that Ej = F" = G % v = if i < or j < 0. It follows 
from ©, © and © that 

WIL^S z,j = 0,1,2,.... 



Corollary 6.2 // /<£ zs i/ie cmi representation of a bounded operator in £ 2 
then M = {M t : t E [0,1]} is a regular cmx process. 

The following corollary to Theorem [TT] is a chaos matrix version of |TT|, Theo- 
rems 4.1, 4.4] and is used to prove the uniqueness of cmx quantum stochastic 
integrals. It may be shown that, for adapted integrands, the definition of cmx 
quantum stochastic integral is compatible with Hudson and Parthasarathy's 
definition of quantum stochastic integral [ftl l. 

Corollary 6.3 If M = M(E, F,G, H) is the cmx quantum stochastic inte- 
gral of an integrable quadruple of cmx processes and f,gE L 2 [0, 1] then 

(M t ^ +1 (f)^ +1 (g)) = (55) 



f( S )g( S )(E s ^(f),e\g)) + f(s) (F s }+V(/), e l+ \g)) 



+ g(s) (G s ) +1 e^ l {f),e\g)) + (H s ^ +1 (f), e i+1 (g))) ds 

Proof. . The terms on the right involving E, F and G follow from (|50|) , ( |5l"D 
and fl52|). The remaining term is immediate from the definition of M(H : 
dt). ■ 
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Corollary 6.4 The mapping t i— > is strongly continuous and strongly 

measurable. 

Proof. Since ||M f ^|| < it follows from Lebesgue's dominated con- 

vergence theorem that t i— > (Mt ^e 3+1 (/), e l+1 (^)) is continuous whenever 
/, <7 G £ 2 [0, 1]. The conclusion follows since {e fc (/) : / G £ 2 [0, 1]} is total in 
^ fc for k = 0, 1,2, .... ■ 

The following Proposition extends the uniqueness theorems of Parthasarathy 
PH Vincent-Smith |27J and Lindsay |0J to cmx quantum stochastic inte- 
grals. 

Proposition 6.5 If(E,F,G,H) is an integrable quadruple and 
[ {EdA + FdA + GdA ] + H ds) =0 

i/ien E = F = G = H = 0, the zero process. 
Proof. We follow Lindsay's line of argument. 

Let L^ ep = Lq 6P [0, 1] be the vector space, over Q, of Q- valued step functions 
with discontinuity points in Q and, for s G [0, 1], let Lq £P (s) — {/ G £q £;p : 
/ = in a neighbourhood of s}. Then both {e J (/) : / G Lq 6P (s)} and 
{ e Kf) '■ f ^ Lq £P \ L^ ep (s)} are total subsets of 



The integrand in fl55 ) is zero almost everywhere for each /, g in the countable 



set L s l ep . Therefore there exists a null set Af such that 



MM (Es]e\f),e\g)) + f(s) (F s ^(f),e i+1 (g)) 

+^<a5 + ie i+1 (/),e i (^)) + (iy4+ 1 1 e^ 1 (/),e i+1 (^)) = 

whenever s G [0, 1] \ Af, for all /, g G and z, j = 0, 1, 2, . . .. 

Fix s G [0, l]\jV. Then (iJ s }+ 1 1 e J ' +1 (/), e m (^)) = whenever f,g£ L S q P (s). 
Since ^ s }+i is bounded it follows that ^ s }+i — for all Therefore 
H = 0. 
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Similarly f(s) (F.fV'Cf), e i+1 (<?)) = whenever / G Lg ep and <? G Lg ep (S) 



Since {e J (g) : g G L s ^ ep (s) is total in fj J it follows that F s l ^{f) = whenever 
/ G Lq CP \ Lq £P (s) . These e- 7 ^/) are total in and F s = 0. Therefore F = 
and, taking adjoints, G = 0. 

Finally (i£ s *-e J (/), e*(y)) = whenever f,g E L s ^ p \ Lq CP (s) and, as in the 
other cases, i? = 0. ■ 

We shall also need the following convergence theorem. 

Theorem 6.6 Let (E n , F n , G n , H n ) be a sequence of integrable quadruples 
of cmx processes and suppose E n , F n , G n and H n converge to E, F, G, H 
respectively. Then M(E n , F n , G n , H n ) converges to M(E, F, G, H) 



Proof. This follows directly from Theorem |6.1| . For example, for all 

hm \\M(E n - E : dA)}|| < lim i 1 ' 2 ] 1 ' 2 \\E%l\ - E n )r_\\\ = , 

by the inequality (|4"?D . The inequalities ( |4~8| ) and (^) may be similarly used 
to prove the convergence in £^ x (f)) so of the sequences M(F n — F : dA), 
M(cL4 f :G n -G) and M(H n - H : dt) to the zero process. ■ 



Theorem 6.7 // (E, F, G, H) is an adapted integrable cmx quadruple then 
the cmx quantum stochastic integral M(E, F, G, H) is an adapted cmx pro- 
cess. 



Proof. The cmx quantum stochastic integrals are given by ([40D, (|4T|), ( [42| 
(H) and (H). Consider first M = M(F : dA) given by ©. If t < s then 



M t V(s) = [ F u V(u)V(s)du= [ F u V(s)V(u)du= [ V(s)F u V(u)du 
Jo Jo Jo 



V(s) / F u V(u) du = V(s)M t . 



These identities may be verified by using the entry-wise definition of M in 



(|4T| ) and the norm bounds ( fig) and computing entry-wise. In particular the 
norm bounds on the entries allow the interchange of V(s) and the integral 
over [0, £]. 
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If ip G L 2 ([0, 1], #) and t < s then 

V(s)(5^)(xi,...,x i+ i) = (j + l)^(S t il;)(x 1 ,...,x j ,s) 

j 

fc=0 

+X[o,t](s)^(s)(xi,...,x fc ,...,o; i ) 

= 3~* X{0,t](Xk)(V(s)llj)(x k )(x 1} ...,X k ,...,Xj) 
k=0 

= (S t V(s)^)(x 1 ,...,x j ). 
Therefore V(s)«St = StV(s) whenever t < s. 

Now M* = M(rfA f : G) where G = F*. Since F is adapted so is G. 

M*V(s) = S t G t V(s) = S t V(s)G t = V(s)S t G t = V(s)M* 

whenever t < s and M is adapted. Since M(dA^ : G)* = M(G* : dA) it 
follows that M(dA* : G) is adapted. 

If M = M(i? : dA) then, since E is adapted 

M t V(s) = StE t V t V(s) = S t E t V(s)V t = V(s)S t E t V t = V(s)M t 

whenever t < s. Since £7 = i? it follows that M = M* so that M is adapted. 
We omit the proof that M(H : dt) is adapted. ■ 

Although the natural integrands for quantum stochastic integrals are inte- 
grable quadruples of operator processes the processes are more amenable 
when the operators are bounded. For example the quantum semimartingales 
of Attal and Meyer || have integrands in the Lebesgue spaces L p ([0, 1], £>(f)) so ) 
and the quantum Ito formula [28] is valid for regular quantum semimartin- 
gales. 

A quantum semimartingale (non-commutative semimartingale J!], §11]) is an 
adapted quantum stochastic process M = {M t : t G [0, 1]} with representa- 
tion as a Hudson-Parthasarthy quantum stochastic integral 

M t = Mq+ j (E s dA s + FdA + dA^ G + H s ds) , te[0,l], (56) 
Jo 
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where the adapted processes (E, F, G, H) with 

E G L°°([0,l],S(iD)so), F,G G L 2 ([0,l],£(.f>)so) 



iJGL 1 ([0,l],S(iD)so), 



(57) 



form an integrable quadruple. 

If there is no initial space Mq is a multiple of the identity. Otherwise Mo is 
the ampliation of an operator in the initial space. It is shown in fl6| , §6], [11], 
§4] that Mt is defined as an operator in TC with domain £ for each t G [0, 1]. 
Sometimes M t is extended to its maximal domain ||. The representation 
(|56| ) of M is unique. 

If E t = (E t )*, G t = (F t )* and H t = {H t )* for almost all t G [0, 1] then M 
is said to be symmetric. In this case M t , with domain S, is a symmetric 
operator for each t G [0, 1]. 

If M is symmetric and the operators M t are essentially self-adjoint on a 
common core for almost all t G [0, 1] then M is essentially self- adjoint. 

If Mj is a bounded operator then M t G B(Sj) will always denote the unique 
extension of M t to f). If M G L°°([0, 1], B(^) so ) then the quantum semi- 
martingale M is said to be regular. If M is regular and symmetric then M 
is said to be self-adjoint. 

The vector space of quantum semimartingales is denoted S' and that of 
regular quantum semimartingales is denoted S. 

A cmx semimartingale is a cmx quantum stochastic integral 





where (E, F, G, H) is an adapted integrable quadruple with . 

E G L c ^ x ([0, 1], £ cmx (f,) so ), F, G G L c 2 mx ([0, 1], B cmx (9)) so ), 



It follows from Proposition |67| and Theorem |0] that M is adapted and well 



defined by (|58] 
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If (E, F, G, H) is symmetric M is said to be symmetric. 

If M is regular it follows from Corollary |J (ii) that M G L^ x ([0, 1], £ cmx (£>)so 
If M is regular and symmetric then M is said to be self- adjoint. 

The vector spaces of quantum semimartingales and cmx semimartingales are 
denoted S' and S' ciaK . The vector spaces of regular quantum semimartingales 
and regular cmx semimartingales are denoted S and <S cmx . 

Theorem 6.8 Let M be a quantum semimartingale 

M t = [ (EdA + FdA + GdA* + Hds) (59) 
Jo 

and let M be the cmx semimartingale, 



[ {EdA + FdA + GdA^ + Hds), 
Jo 



where E, F, G, H are the cmx representations ofE, F, G, H respectively. Then 

(i) M is a cmx representation of M with £ C D(M t ) for all t G [0, 1]. 

(ii) The mapping M i— > M is a bijection from S' cmx onto S' . 

(iii) The mapping M i— > M is an isometric isomorphism from S cmx onto S. 



Proof. It follows from Proposition [2.6| and Corollary ^4.4j that the formula ( |59| ) 
defines a quantum semimartingale M. If t G [0, 1] then M t is characterised 
in [|TTJ and [|T^| as the unique operator in £($)) with domain £ such that, 
whenever /, g G L 2 [0, 1], 



M t e(f),e(g)) = J^(fgE + fF + gG + H)(s)e(f),e(g))ds. 

We shall only consider the case F = G = H = 0. The proofs of the three 
other cases with a single non-zero integrand are simple variants. 



February 1, 2008 



47 



Eg, he £ 2 [0, 1] then 

oo oo 

J2(g(s)E s ^(g),h(s)e\h)) < \g(s)h(s)\ £ ||^L I (e j (g), e\h)) \ 

i,j=0 i,j=0 

< \g(s)h(s)\\\E\\ (e(\g\),e(\h\)), (60) 

II 1 1 oo 

which is an integrable function. 

'M t e(g),e(h)) = J (g{s)E s e{g) 1 h{s)e{h)) ds 

r-t I 00 oo \ 

/ {9(s)J2 E s)e\g),h(s)J2e l (h)) ds (61) 
J o \ j=0 i=o I 

oo „ t 

J2 / (g(s)E s i j e^g),h(s)e i (h)) ds (62) 

^,J=0 J0 
oo „ t 

]T / (E s )V s e^ 1 (g),h(s)V s e i+1 (h)) ds 



i,j=0 ■ 
oo 



i,j=0 

(|6T| ) follows from the absolute convergence of the left hand series in fl60"P. 
The third equality is a consequence of Lebesgue's dominated convergence 
theorem gives (|6"2]) and fl6"3|) follows from the definition ( f4"0"|) and (|21|). Now 



IK^(^)||<iMplL^<^PIL77. 

and Yl'jLo Mt \&{g) converges to rf in Sj l . Therefore, if z e C, 



M t e(g),e(zh)) = ]T z< (M t }e%), e 4 (/i)) 

i,j=0 
oo 

i=0 

oo 

M t eO/) )C (^)) = Y, zi {^<9))\e\h) 



i=0 
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and 

oo 

Y,z l ((M t e(g)y- V \e i (h)) = 0. 



i=0 

-2r 



Therefore {^M t )e(g)) 1 - rf, e\h)j = for all h G L 2 [0,1]. Since the ex- 
ponential domain is dense in it follows that (M t e(g)y = rj l for all i and 
Yl^oV 1 is convergent in ^ to M t e(g). Therefore e(g) G D(M t ) and 

M t e(#) = M t e(#) = M t e(g), t G [0, 1], g G L 2 [0, 1], 

Therefore M is a cmx representation of M. This proves (i) in the case 
F = G = H = 0. 

By linearity M t ip = M t ip for all tp G £ and M t is a cmx representation of M t . 



It follows from Corollary [O] that (E,F,G,H) h+ (E,F,G,H), is a one to 
one correspondence between the integrands of <S cmx and the integrands of 
S'. The one to one correspondence between M t and M t now follows from 



Proposition 6.5 and the uniqueness theorem for quantum stochastic integrals 



T5[, f27|, Theorem 4.7] 



The quantum Ito product formula [II], Theorem 4.5], its extension [Q, Theo 



rem 4], and the functional quantum Ito formulae [[28|, Theorem 4.2, Theorem 
6.2.] are true for regular quantum semimartingales. Using the isometric 



isomorphism MnMof S cmx and S in Theorem 6.S the corresponding Ito 



formulae are also valid for regular cmx semimartingales. 

We will reverse this procedure. The functional Ito formula will be proved for 
a class of process M G S cmx . The corresponding formula for the Hudson- 
Parthasarathy process M will be deduced from the correspondence between 
quantum semimartingales and cmx semimartingales in Theorem 



We conclude this section with a sufficient condition that M be a regular cmx 
process. 

Theorem 6.9 // E, F, G, H are cmx processes such that (N + If/ 2 E(N + 
I) 1 ' 2 is m L~ x (£)so, F(N + I) 1 ' 2 and (N + Ifl 2 G are in L 2 cmx (fy so and H 
is in Ll mx (fi) so then M(E, F, G, H) is in L^ x (^) so . 
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Proof. The conditions automatically imply that the cmx quantum stochastic 
integral 



[ (EdA + FdA + GdA^ + Hds) 
Jo 



exists. It follows from ([TJ) that S t (N + I)~ 1/2 and (N + iy 1/2 V t represent 
contractions. It follows from (f47|) that the operator 



Similarly, if ip G © Sj 1 
\\M t {F : dA)if>\\ = 



M t (E : dA) = S t EV t = S t (N + iy 1/2 (N + I) 1/2 E(N + I) 1/2 (N + iy l,2 V t 
is bounded in norm by < \\{N + If/ 2 E{N + If^W^. 

■ ■ ■ © f) J for some j then 

[ F^N + I^iN + iy^Vtis)^ ds 
Jo 

< J \\F s (N + I) 1/2 \\\\(N + I)- 1/2 Vt(s)^\\ ds 

< \\F(N + I)V%U\\. 

Since such ip are dense in i} it follows that M(F : dA) is in L^ lx (io) so . 
If ip = + t/4 + . . . + ip k with ip j G f) j then 

|2 



j=0 
k 

s £ 

i=o 
< IIGI 



^(iv + j) 1 / 2 )! ikat + j)- 1 /^!! 

2^ / (G s ^(xi, . . . , X,)) c?s <ixi . . . dXj 
Jo 



\G S \\ 2 \if^(xi, . . . , Xj)| 2 ds dx\ . . . dxj 



and M(dA : G) is in L^ x (f)) so . The remaining case is straightforward. ■ 

It is now easy to find bounded cmx quantum stochastic integrals. If E, F, G, H 
are as in Theorem IOI and 



E = (N + l)-aE(N + 1) 



F = F(N + 1) 



G = (N + i)~*G 



then E G L^ x (5}) so and F, G G L 2 mx (fj) so . It follows from Theorem |TS 
that M(E, F, G, H) belongs to L™ mx (fy so . 
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The use of Theorem p.9| in the hunt for sufficient conditions on its integrands 
for a quantum semimartingale to be regular may be a chimera. This is be- 
cause the number operator is not adapted so that the quadruple (E, F, G, H) 
will not, normally, be adapted. Similar difficulties are encountered if the 
number operator N is replaced by the adapted number process {Nq ® L t , 
where N t ] is the number operator for Sjt] ■ 



7 Scalar Matrices 



We recall Nelson's analytic vector theorem [17]. A proof of the theorem may 
be found in [|3U], §8.5]. If T is a self-adjoint operator in a Hilbert space H 
then C°°(T) = f)™ =Q V(f k ). An element tp G C°°(f) is an analytic vector 
of T with radius of convergence r{ip) if r is the radius of convergence of the 
complex power series 



k=0 



Z 



The set of analytic vectors of T is denoted A(f) and A r (T) = {(/)£ -MT) : 
r(<p) > r}. 

Theorem 7.1 (Nelson) Let T be a symmetric operator on a Hilbert space 
TC whose domain T>(T) contains a dense subspace T> of analytic vectors. Then 

(i) T is essentially self-adjoint. 

(ii) T> is a core for T. 

(iii) If if is an analytic vector of T and p E C then 



e ipT ip = j-T k ip whenever \p\ < r(<p) 



k=0 

where T is the (self-adjoint) closure ofT. 

Lemma 7.2 Let V >- be a scalar matrix. Then 4>o C C°°(V) if and only 
if £ 00 CC°°(V). 
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In this case V k x = (1S) k x whenever x £ £oo- 

Proof. It is enough to consider x = e 3 ' — (0, 0, . . . , 0, 1,0,.. .)*, j = 0, 1, . . ., 
which span £ 0Q . 

Suppose e 3 £ C°°(U) for all j. A simple induction shows that, for each k, 

r,W< = YsiVhK-i UJ2, ■ ■ ■ ,jk) G N fc } (64) 

is convergent for all % and j, and that 

(Z>)V = °,t/*) },...)* ef. 
This implies that Z/ fc exists for all k and has entries rf®^. 

Since //^H = J2{^j k+1 V (k) : Jfc+i = 0,1,2,...} it follows that e* £ 
£>(Z/ fc ) for all fc. 

Conversely, if Z^ fc exists for all k the formula fl6"4|) defines 7/ fc ) *• for all i, j and 
fc. If e 3 £ C°°(Z/) then, for all k, 

V k e 3 = ( V W j ,r ] W 1 j ,r ] W i j ,...) t e£ 2 . 

Since ) = '£{ ]yi j k+1 V (k) f +1 ■ jk+i = 0, 1, 2, . . .} it follows that V k+1 e 3 = 

V{y k e 3 ) and e 3 £ C°°(Z>) for all j. ■ 

Proposition 7.3 Let E y be a (2k+ 1) -diagonal scalar matrix, let £ > 
and let e = £ _1 (4A; 2 + 2A;)" 1 . Then 

(i) J/Ej < + j) for all i,j then £ 00 C 

(ii) //H*<£(i^ +j i/2)/ or oHi.j ^en £ 00 C A»(S) 

Proof, (i) It is enough to consider the case £ = 1. A simple induction shows 
that x^ = S n ej £ £ 00 with xi^ = for r > j + nk. Assume, inductively, 
that 

4 n_1) < (2j + A;)(2j + 3A;)---(2j + (2n + l)A;)(2A; + l) n - 1 (65) 

for all r. Now = Sa^™ -1 ** and, since 5 is 2k + 1 diagonal, the largest 
entry in H which can multiply a non-zero element of x^ n ~^ is S J ^? < 
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2j + (2n + 3)k. Since H is 2A; + 1 diagonal at most 2/c + 1 of the entries of 
-£("■-!) contribute to each entry of x^ n \ Therefore 

z< n) < (2j + k)(2j + 3/c) ■ ■ • (2j + (2n + 3)fc)(2A: + l) n 

||S n ei || _ (2j + A;)(2j+3A;)---(2j + (2n + 3)A;)(2A; + l) n (j + nfc)5 



Now 

lim f=« = lim W + (2- + 5)*)(2* + DO + (~ + 1)*)* = 2fc(2fc + 1} . 

n^oo c „ n^oo (n + 1) (j + TlA;) 2 

By the limit ratio test €j is an analytic vector for S with r(tj) = l/(4k 2 + 
2/c) = e for all j. Therefore £ 00 C A e (E). 

(ii) Using the same argument as in (i) with the bound H££? ^ < 2(j + (n + 
l)/c) 1//2 gives that 

x (n-i) < 2 „-i^. + k ^ + 2k )... (j + nk)}^(2k + l) n -\ 

The limit ratio test then shows that the power series X^c 2 ™ ||S n ej|| jn\ has 
infinite radius of convergence and G Aoo(E). Therefore £ 00 C Aoo(E). ■ 

The following proposition follows directly from the definition of H. 

Proposition 7.4 Let M be a cmx semimariingale, with control matrix K>, 
whose integrands E,F,G,H are (2k + l)-diagonal matrices. Suppose there 
exists a constant £ such that 

NIL' KL NIL \\ Hl A<z (ee) 

/or a// 1, j = 0, 1, 2, . . .. 7/e = £ _1 ( 4 + l) 2 + 2(k + l))" 1 i/ien 

(%) £ 00 c a(^). 

fiij If E = then £ 00 C 

If K is a (2& + l)-diagonal process defined by (??) and with ||fc t *|| < £ 
for all t G [0,1] then K satisfies (|66|) . Thus there is a large class of cmx 
semimartingales whose control matrices satisfy the conclusions of Proposition 
Z73| . These control matrices represent essentially self-adjoint operators. 

Proposition 7.5 Let V be a scalar matrix with V y 0, V = V . 
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(i) If £qo C A(V) then V is essentially self-adjoint, with closure V . 

(ii) If £oo C Ai(V) and — 1 < p < 1 then Yl^o^P^Y I k\ converges entrywise 
to the unique bounded scalar matrix e lp ^ representing e ip ^ . 

Proof, (i) By Lemma |7.2| if x G £oo then x G A(1J) and the two series 

00 ■ k 00 • k 

= Efr^ 1 (^) 

fc=0 fc=0 

are identical and absolutely convergent for \p\ < r(x). Therefore £qo C A{p). 
Since £oo is dense in C 2 it follows from Nelson's analytic vector theorem that 
V is essentially self-adjoint. It also follows that the sum of the series (|67|) is 

e ip ^ ' x for each x G £oo 

(ii) V k e> is the jth column vector in V k . Taking x = e J ", j = 0,1,2,... 
in ( |67| ) shows that the columns of ^k = Q{ipV) k /k\ sum m ^ an d a fortiori 
coordinatewise to the corresponding column of the matrix representing the 
bounded linear transformation e lp ^ . ■ 

The scalar matrix of X G ££ mx (f)) so is the real matrix V{X) with entries 
V){X) = \\X)\\ p , i, j = 0,1,2,.... 

Processes in £cmx(^)so are controlled by their scalar matrices. The proof of 
the following lemma is an immediate consequence of the definitions. 

Lemma 7.6 Let S n be a sequence in C^ mil (S)) so . 

(i) S n is convergent to S in ££ mx (fj) so if and only if V(S — S n ) converges to 
the zero matrix. 

(ii) S n is absolutely summable if and only if V(S n ) is summable. 



Lemma 7.7 Let p,q,r G {1,2, oo} with l/p+l/q = 1/r and let -< $ 

and -< ^ be scalar matrices such that the product matrix exists. If 
S G ££ mx (fi)so and T G C q cmx (S)) so are such that V{S) -< $ and V{T) -< $ 
then the product process ST exists in ^ mx (^) so and V(ST) -< 
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Proof. The product S£zJ exists in L r ([0,l),B(fi j ,&)) and ||4 T j1| r < 
l>(S)ll>{T) k . Therefore 

oo oo 

E ll^ T /ll < E^ 5 )^)? = WW 7 ))} < < °° 

fc=0 fc=0 

and the sequence {S\T k : k — 0, 1, . . .} is absolutely summable and therefore 
summable in L r ([0, 1], B(fy , S) 1 )). Therefore the product process ST exists 
in ££ mx (fj) so and is dominated by ■ 

If ip G Sj define ^(y?) G £ 2 by the formula 

u(ip) = (\\<p o n<p i \\,...,\\<p%...) t 



Lemma 7.8 If M G £^ x (£) so and V{M) k exists then M k exists and = 
(M t ) k for almost allt G [0,1]. 

Ifijj G ®(M k ) then u(M k ip) -< iy(M) k u(ip) for almost all t. 

Proof. It follows from Lemma [T7| that M t fe exists. Let V = V(M). If i/j G £ 
then 

00 

J=0 

andz/(Mt'0) -< Vv(ip). This may be iterated to give v(M k ip) -< V(M) k i>(il)). ■ 

Lemma 7.9 If X e £~ x (f)) so and ip e ft with v(ip) G ^t(Z/(X)) £/ien 
■0 G ^t(Xt) /or almost all t G [0, 1]. 

Proo/. Let Z/ = V(X). Since C°°(l/) ^ it follows by Lemma \T7\ that V k 
and therefore X fc each exist for all k. Since V t {X k ) -< Z/ fc for almost all t it 
follows that ^ G ^4(Xt) for almost all t. ■ 

Theorem 7.10 Let M be symmetric cmx process in £^ lx (^) so with scalar 
matrix V = V(M). If £ 00 C A{V(M)) then 

(i) M is essentially self-adjoint with core fjoo C ^4(M t ) n *4(Mt) for almost 
all t G [0, 1] 



<EII M *5II WUE Kill 11^' 



.7=0 



.7=0 
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(ii) If fa C Ax{V{M)) and p G [-1, 1] then J2T=o( i P M ) k / k - is convergent in 
£Sxx(#)so to a process J. 

Fort G [0, 1] let M t be the closure of Mf Then J t is the cmx representation 
of the unitary operator e tpMt . 

Proof. By definition V k exists and by Lemma |7.8| that M k exists for all k. 
(i) If tp G 5}oo then u(ip) G £oo an d 

oo n oo „ 

E^H^II^E^II^WIKoo (68) 

n=0 ' ra=0 



whenever \p\ < r(f(ip)). By Lemma [7.8| this remains true if M t replaced by 
M t . Therefore ^ o C A(M t ) n A(M t ) for all t G [0, 1] and (i) follows from 
Theorem |77l . 



(ii) It follows from Proposition fTTS]that YlT=o(^) k I * s entrywise convergent 
to a scalar matrix. By Lemma \T7\ ~U(M k ) -< U{M) k = V k and, by Lemma 
|775| , *Y^ = §{ipM) k fk\ is convergent to a process J in £^ x (.f)) so . 

If ip G fjoo and |p| < 1 then by Lemma |7.8j 

= E = E ^ w = E ll v(M t n = E ^> = 

z — ' n\ z — ' n! ^— ' n! ' n! 

n=0 ra=0 n=0 n=0 

It follows from Theorem [T2] (hi) that J t is the unique cmx representation of 

e ipM t J 



Proposition 7.11 Let p,q,r G {1,2, 00} wi/i l/p+ 1/q = 1/r and let 

-< $(n) and -< ^(n) fre continuous scalar matrix valued functions such 
that the product matrix $(n)\I/(n) exists for u G [0, 1]. 

Let u I— > 5 n (tt) and w 1— > T n (n) 6e sequences of continuous functions S n : 
[0, 1] — > £^ mx (f)) S o and T n : [0, 1] — > Cl mx (S)) so respectively such that, for 
each u G [0, 1], 
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(a) S n (u) converges to S(u) in ££ mx (f)) so and V(S n ) -< n = 1, 2, . . .; 

(b) T n (u) converges to T(u) in C1 mx (S)) so and V(T n ) -< ^(u) n = 1, 2, . . .. 

Then S n (u)T n (u) and S{u)T{u) both exist and S n (u)T n (u) converges to S{u)T{u) 
in ££ mx (i}) so for each u G [0, 1]. Moreover and u i— > S{u)T{u) is entrywise 
Bochner-Lebesgue integrable and 

lim / S n (u)T n (u) du = / S{u)T{u)du. 



Proof. It follows from Lemma [777] that S n {u)T n {u) and S{u)T{u) both exist 
for all u G [0, 1]. 

Suppose $ n is a sequence of scalar matrices with -< $„ -< <£> such that 
lim^oo $ n is the zero matrix. Then ($ n )^| < ($ n )^| for each k for all n. 
Now Y^k=o(® n )k^j = ( < ^ )X I / )} < oo and by a series version of the dominated 
convergence theorem 



lim lim Y> n )^ fc = 

n— >oo J n— >oo ' * J 



k=0 



for all i,j. Since V(S(u) — S n (u)) -< 2$(w) it follows that lim^oo V(S(u) — 
S n (u))l/(T(u)) = 0. Similarly, since V(S n (u))V(T(u) -T n {u)) -< $l/(T(u)- 
T n (u)) it follows that \im n ^ OQ (S n (u))h / (T (u) — T n {u)) = 0. Since 

U(S(u)T(u)-S n (u)T n (u)) -< V(S(u)-S n (u))V(T(u))+V(S n (u))V(T(u)-T n (u)) 



it follows that lim n ^oo V(S(u)T(u) — S n {u)T n {u)) = 0. By Lemma |Ti: 
S n {u)T n {u) converges to S{u)T{u) in £^ mx (^) so for each k G [0, 1]. 

Since S n (u)T n (u) -< for all n and u G [0, 1] it follows from the 

bounded convergence theorem that u \— > S(u)T(u) is entrywise Bochner- 
Lebesgue integrable and 

lim / S n (u)T n (u) du = S(u)T(u) du. ■ 
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8 Hudson— Parthasarathy Processes 



Theorem |T8] exhibits the natural correspondence between cmx semimartin- 
gales and quantum semimartingales: processes with regular integrands. 

In the Hudson-Parthasarathy theory there are interesting quantum stochas- 
tic integrals whose integrands are processes of unbounded operators. Poly- 
nomials in the Brownian semimartingale (A' A ), for example, do not satisfy 
the conditions of Theorem |6.8| . A polynomial p(A t , A t , A\), of degree greater 
than one, whose coefficients are continuously different iable functions of t may 
be written as a quantum stochastic integral whose integrands are processes 
of unbounded operators. For example 

A\ = 2 / A s dA s . 
Jo 



In this section we show that the correspondence in Theorem |6.8| may be 
extended to such processes. 

The integrands in the Hudson-Parthasarathy theory are adapted processes 
of operators with common domain Ss where 5* is an admissible subspace of 
L°°[0, 1] (TT|, §3], [0, §24]. The restriction that S C L°°[0, 1] imposed in fTT| 



is unnecessary: cf. 0, §25] and [[16], VI. 6]. 



Measure theoretic considerations require a slight modification of some defi- 
nitions in as in |2(], §25]. A process X = {X t : t G [0, 1]} is measurable 
with respect to S if 1 1— > X t e(g) is Borel measurable, for each g G S. 

This definition requires only that e(g) G T>(X t ) for almost all t G [0, 1]. 

X is adapted with respect to S if, for each t G JO, 1], there exists a linear 
transformation X t ] in Sj t ] such that X t e(g) = ilt[(X t e(g t ])) <8> z(g{t)} for almost 
all tG [0,1]. 

For the rest of this article, unless otherwise stated, the integrands of quantum 
stochastic integrals and cmx quantum stochastic integrals will be adapted. 



Let p = 1, 2 or oo and define the following vector spaces of operator processes 
in S) 



February 1, 2008 



58 



yjl(£s) = {X : X is measurable with respect to S}; 

£P{8 S ) = {X E Tt(£ s ) : t i — ► X 4 e(^) is in Lf([0, !],£) for each g G S}; 



For simplicity we let S = L [0, 1] and put 8 = 8, 



s- 



The usual measure theoretic conventions apply. If X G £ p (8) and g G £ 2 [0, 1] 
then X s e(g) need only be defined almost everywhere on [0, 1]. If Y G £ p (8) 
and Y t e(g) = X t e(g) for almost all t, whenever g G S, then the processes Y 
and X are equivalent, and will normally be identified. If g G L 2 [0, 1] define 

Then X is equivalent to X and I^(X t ) = £ for all t G [0, t}. If X is an adapted 
process in £ p (8) then X is a process of the type considered by Hudson and 
Parthasarathy 0, §3]. 

If E G £°°(£), F,G E Z 2 (8) and # G £ x (£) are all adapted it follows from 
[ IT], Theorem 4.4] that there is a unique process M = M(E,F,G,H) with 
V(M t ) = 8 for all t G [0,1]: 

M t = [ Edk + FdA + GdA^ + H ds 
Jo 

such that 

(M t e(f),e(g)) = [\(fgE + fF + gG + H)(s)e(f),e(g))ds 
Jo 

= J^(fgE + fF + gG + H)(s)e(f),e(g))ds (69) 

for all f,g G L 2 [0, 1]. The quantum stochastic integral M = {M t : t G 
[0, 1]} of the quadruple (E, F, G, H) is defined to be the process M = {M t : 
t G [0, 1]}. It follows from ( |69D that this definition is consistent with that 
of Hudson and Parthasarathy |TT, Theorem 4.4] and depends only on the 
equivalence classes of E, F, G and H. 

A cmx process X G C p mx (Sj) so is a cmx representation of X G £ p (8) if for 
each g G L 2 [0, 1] there exists a null set J\f g such that e(g) G S)(X i ) and X t e(g) 
is the chaos representation of X t e(g) whenever t G [0, 1] \J\f g . 
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We give a sufficient condition that this be the case. 

The exponential domain, £ 2 , in £ 2 is the linear span of vectors of the form 
e(x) = (l,x,x 2 /(2!) 1/2 ,...,xV(j!) 1 / 2 ,...), x G C. 



Theorem 8.1 Let p = 1,2 or oo. If X £ ££ mx (£) so and £ 2 xp C V{V{T)) 
then 

(i) Xe&(£); 

(ii) I/X zs adapted so is X G L P (S). 
Proof. (i)p = oo, ^ = KIL- 

oo oo oo 

E ll^^^ll ^ E ll*-5IL ll e ^)ll ^ E^ 11^)11 = (^(Mi))'. 

and ^(flO i s absolutely convergent in to 77* (p) with ||ry*|| < ||(^ / e(||fl'||)) 
for almost all s G [0, 1]. Therefore 

00 00 

e n*)if ^ e ii(^(ibii))ir = n^dbiDn 2 . 

i=0 i=0 

and ^°^ ^s(^) is convergent, for almost all s, to ^(g) in f). For each s G [0, 1] 
and g G L 2 [0, 1] define 

£ / \ _ f Vs(g) whenever Ylilo^lid) * s convergent 

s ^ otherwise. 

Since the exponential vectors are linearly independent X s e(g) is well defined 
for each g G L 2 [0, 1] and X s extends uniquely to a linear operator X s : £ — > Sj. 
Since t 1— > X t l -e L {g) is measurable it is clear from above that £ 1— > X t e(g) is 

also measurable for each <? G L 2 [0, 1]. Moreover X s e(g) < \\lSe(\\g\\)\\ for 

almost all s in [0, 1] and X G £°°(£). 

From the definition of X t in Section |2| it follows that X = X and X G £°°(£ ). 
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(ii) p = 2, V) = \\X)\\ 2 . Ifge L 2 [0, 1] then 



oo / oo 



ll^dlslDH 2 > 



E EIKI 

i=0 \j=0 



'■(0)11 



Il^]ll2 !-' V /.'ll2 

i,j,k=0 



J (g)\\\\e k (g)\\ 



OO „£ 



> 



E . 

i,j,k=0 JO 

OO OO 

i=0 - 70 j,fc=0 

OO 



\ X s l A\ \\ X sl\\ ds V 



WW 

e k ( 9 )\\ (70) 



> 



> 



oo „ t 
'0 



E 

i=0 

oo ,, t 

E 



E x 4 e ^)>E^ e ^) 



vj=0 



i=0 







E 

i=0 



J"=0 

oo 



E^o?) 

j=0 



fe=0 



ds 



ds. 



ds 



It follows from the Lebesgue series theorem that, for almost all s e [0, 1], the 
sum Y^=Q X s)^(g) is absolutely convergent in & to 77^ and the direct sum 
©i^o^s * s convergent in to i] s . Furthermore the above inequalities show 
that s i-> ||?7 S || is in L 2 [0, 1]. For each s e [0, 1] and <? e L 2 [0, 1] define 

775(51) whenever Xl^o rf s {g) is convergent 

otherwise. 



x s e(g) 



As in (i) X s extends uniquely to a linear operator X s : £ 
s 1— > Xe(g) is measurable for all (7 G £ 2 [0, 1]. 



S) such that 



For almost all s 



X s e{g) =J2 



i=0 



E- Y *>'^ 

j=0 
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Since V is defined on the exponential domain, it follows from the inequalities 
(0) that 



X s e(g) 



ds 



t oo 

E 

i=0 



E- Y ^^) 

j=0 



^<||^(|k||)|| 2 <oo 



and X belongs to £ 2 (£). As in (i) X = X and X G £ 2 (£). 
(iii) p = 1, Z/j. = ||Xj|| r If # G L 2 [0, 1] then 

OO p T OO 

E / ||*4^ ^E^- 11^)11 < 00 



j=0 



(71) 



i=o 



and YlJLo Xsj^ig) is almost everywhere absolutely convergent to rf s (g) in 
Sj\ If ^ G 5} then 

OO „\ OO OO OO 

E IMI / HtfGdll rfs ^ E IMI ^ ¥ti)\\ = E WW E v \ IK0?)ll < 00 



ij=0 



-,0 



since \\\Lp || , ||y? || , ||y9 



G £ 2 . Therefore, for each x G £ 2 , the 



sum 



Jo 1 II^UsO II ds is convergent. It follows from the uniform boundedness 
theorem and Lebesgue's dominated convergence theorem that 



E/ hl(9)\\ ds < 00 and V||^0)||<oo 
i=o Jo i=0 



almost everywhere. Therefore E^°^ 11^* 
each s G [0, 1] and g G L 2 [0, 1] define 



< oo almost everywhere. For 



X s e(g) 



Vs(g) 
o 



whenever YliLoVKg) * s convergent 
otherwise. 



As in (ii) this extends uniquely to a linear operator X s : £ — > $). 
It follows from (|7l|) that 











X s e(g) 


ds= [ 


/o 




Jo 



OO OO 



©E- v 0'^ 

i=0 j=0 



1 OO 

E 

j=0 



E- Y */'^ 



(is < oo 



so that the process X is in 2} [8). From the definition of X t in Section it 
follows that X = X and X G £ 1 (^)- 
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(ii) This follows from Theorem [4.2| (ii). ■ 

Theorem 8.2 Let (E, F, G, H) be an adapted integrable cmx quadruple such 
that £g xp C V{y) whenever V is one of the scalar matrices V{E), V(F), 
V{G), V(H). 

If < t < 1 the quantum stochastic integral 

M t = [ (EdA + FdA + GdA^ + H ds) 
Jo 

exists with T>(M t ) = Moreover, if 



(72) 



M, 



E s dA s + F s dA s + G s dA\ + H s ds 



then £ C D(M t ) and M is a cmx representation of M. 

Proof. Let S = L 2 [0, 1]. From the remarks preceding Theorem |8.1| and its 
Corollary it follows that that the quantum stochastic integral ( [72]) exists and 
is the unique process such that 

-t 

' (fgE + fF + gG + H)(s)e(f),e(g)) ds (73) 



M t e(f),e(g) 
for all f,ge L 2 [0A}. 

We treat separately the individual constituents of the quantum stochastic 
integrals. 

(i) Let z € C, g, h e L 2 [0, 1] and let M t = M t (E : dA). If if G & then 



{M t )e>(g),tp)\ = f (g(s)E. i r\e>- 1 (g),V a <p) ds 
Jo 



< 



Jo 



li-i 



T \\V s <f\\ ds 



V 



i-1 
3-1 



V 



i-1 

i-i 



h\ 


i-i 


(U- 


l)!)l 




i-i 


\\g\ 




((j- 


l)!)l 




i-i 


Ibl 



\g(s)\ \\V s <f\\ ds 



9{s 



t 12 \\9\\ \m\ ■ 



\ip(x; s)\ dx\ ds 



{o,iy 
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Therefore \\M t )e>{g)\\ < £ \\g\\ V)-_\ M \ , and, since e(||^||) G ©(I/), 

it follows that YlJLo Mt )^(g) is absolutely convergent to rf t in Sf. If z G C 
then 

M t e(g),e(zh)^ = J (g(s)E 8 e{g), zh{s)e{zh) S j ds 

oo OO \ 

g(s) E s }e>(g), zh(s) ^ e\zh) j ds 

j=0 i=0 I 

oo „ t 



1 — 1 i>t 

= (g(s)E s i j e j (g),zh(s)e i (zh)) ds 

i,J=o Jo 

oo „ t 

= (9(8)E.)e>(g),h(*V(h))d8 
ij=o Jo 

oo „ t 

= J2 T {g{s)E s )-_\ei-\g)Msy-\h)) ds 

oo 



oo 



i=i 

The interchange of sum and integral in the third inequality follows from the 
Lebesgue series theorem since 

oo 

Y J \\Es)e j {9)\\<V)e{\\g\\)<oo 

j=0 

for almost all s G [0, 1]. Now 

OO / 

(M t e{g),e{zh)) = ( (Mte(g))\ e\h) 

for all z G C so that {r]\e\h)) = (^M t e(g))\ e\h)^j whenever h G L 2 [0, 1]. 
Therefore (M t e(g)Y = r\\ and 

*7* = fa , Tfe 1 ,..., »&...)* 
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belongs to Sj t ] and e(g) G D(M t ) with M t e(g) = r) t = M t e(g). Thus M t is a 
cmx representation of M t for all t in [0, 1]. 

(ii) Let z G C, g, h G L 2 [0, 1] and let M t — M t (F : cL4). If </? G then 



|(M t ^(^)^>| 



< 



/ {F^Vse^g)^) ds 
Jo 

[ (g(s)F s i j _ 1 e j ~ 1 (g), ip) ds 
Jo 



s) F„ 



\g(°j\ \\*-sj-i 
< NIIK-ill 2 IK _1 G?).. 

= ^-ille^^HNI IMI, 

and \\M t )e j {g)\\ < \\g\\ U) x (^) || . Since e{\\g\\) belongs to V(V) it follows 
that YlJLo Mt l jei{g) is absolutely convergent to rf t in S) 1 . If z G C then 



M t e(g),e{zh) 



{g(s)F s e(g),e(zh)) ds 

00 „ t 

/ (g(s)F s i j e j (g),e i (h)) ds 
i,j=o Jo 

; „-n JO 

{gU{h)) 



i,j=0 

00 



i,j=0 



i=0 



Since {M t e(g),e(zh)J = J2Zo^ \( M te(g))\ e l (h)J it follows as in (i) that 

r)l = (M t e(g)) 1 for all i and that M t is a cmx representation of M t for all 
t G [0,1]). ' 
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(iii) Let M t = M t (dA ] : G). Arguing as in (ii), if y? e & then 

\(M t ^(g),v)\<t L i\\G)\\ 2 \\eJ(g)\\ \\<p\\ , 
and Mt is a cmx representation of M t for all t e [0, 1] . 

(iv) The case M t = M t {H : ds) may be dealt with similarly. ■ 

Let k, m and n be non-negative integers and consider the cmx process X t = 
X t (k, m, n) where X t (k, m, n) equals (the cmx representation of) A k A^ l {A\) n . 
A simple matrix calculation shows that X t J = unless % = j + n — m. 

Let V be the space of polynomials P in {A t , A t , A\) with continuously differ- 
entiate coefficients. Each polynomial P has a unique representation 

K 

Pt= C k,m,n{ t ) X t( k i m i n )- 
k,m,n=0 

If {E, F, G, H) is a quadruple in V then (E, F, G, H) satisfies the conditions 
of Theorem |B.2| . 

For simplicity we consider only X t (k,m,n) where k — 1. If ipi G fj J and 

< {{j + l)...{j +n )^\\^\\ 

< {{j+l)...{j+n){j+n-l)---{j+n-m))* \\ip j \\ 

< ((j + 1) • • • (j+n)(j+n-l) ■ ■ ■ (j + n-m)Y (j+n-m) k 
and 

Cj = \\Xf^\\ < . . . {j +n ){j+n-l) ■ ■ ■ (j + n-m)) 1/2 ( 3 + n -m) k . 

It follows that X is in C p cmx {Sj) so with V) = if i ^ j + n -m and Z/^ +n ~ m < 
2cj for p = 1,2, oo. By the limit ratio test 

oo 

i=o J ' 

for all x G R and the domain of V{X) contains £^ . 



t E [0, 1] then 

|A m (4)V 

A t Ar(4)> j 
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Since X t (k, m, n) equals A™(A\) n on £ we have the following corollary. 

Corollary 8.3 Suppose the quadruple (E,F,G,H) consists of polynomials 
in the basic cmx processes A, A, A*, t. Then the quadruple (E, F, G, H) con- 
sists of the corresponding polynomials in the basic operator processes all de- 
fined on S. Let M be the cmx quantum stochastic integral 

M t = [ E s dA s + F s dA s + G s dAl + H s ds. 
Jo 

Then £ cS(M { ) for each t E [0, 1] and, for each g E L 2 [0,1], 

M t e{g)= [ (E s dA s + F s dA s + G s dAl + H s ds)e(g). 
Jo 

9 The Ito Product Formula 



Our original proof of the Local Ito Formula was in the spirit of [[Llj] and used 
approximation by step processes. It was excessively long and we thank Mr 
A Belton for his very concise proof. 

He uses the Evans notation [0. A t \ = A t , A t \ = A u A t \ = A\, A t g = tl. If 
(E, F, G, H) is an adapted integrable cmx quadruple put 

M t \{E)= [ E s dA s \, M t \(F)= [ F s dA s 1, 
Jo Jo 

M t l(G)= [ dA a lG a , M t ° (H)= [ H s dA s ° , 
Jo Jo 

We thank Mr A Belton for his assistance in proving the following lemma. 

Lemma 9.1 (Local Ito Formula) If a, (3,^,5 E {0,1} let X E ^ mx (fi) so 
and Y E £<( mx (f)) so be adapted processes, where p = 2(2 — a — and 
q = 2(2 — 7 — If i,j,fi, v E N and v + (3 = \i + 7 then 

M t a ,{X)%M t ]{Y)^J = f M v ^Xy; a -^ dA v ] 

Jo 

+ [\^M u ](Yy j+s _ p dA u a fi + 8;S}SJ [\x s lY s »)dA s % (74) 
Jo Jo 
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Proof. In the following formulae we use two exponents of V: V 1 = V and 
V° = I. If ip G f) i+7 and cp e fi t+a then 



t rt 

/V /3 (M)F/V 5 (v)V,V 7 (i;)(X*)rV a (u)^) dttdt; (75) 
+ /' (njV'W, (X s *)rV a (,)^> <b. (76) 



o </o 



This identity may be checked for each quadruple a,/3,j,5 € {0,1}. The 
entries in the left-hand side are given by the Definitions (f5j), (PI), (H^) and 



( 43|) . The terms S are then replaced by terms in V using Proposition |3J] 
which shows that V = S* and gives commutation relations for S and V. 

When v = \i the integral in (|76|) is 

£<X^V 5 ( S ),V«0#) ds=(^j\ s lY s »dA s ^^y (77) 



The double integral over {0 < u, v < t} in ( [76] ) is the sum, 1% + J 2 , of the 
integrals over {0 < u < v < t} and {0 < v < u < t}. Since X is adapted it 
follows from Theorem [O] that \7~<(v)(X*)»V a (u)(p = (X*)^" 7 V q (m)V 7 (w)^ 



whenever u < v. Therefore 



JO 



/i = / [ v (vP(u)Y v y s (v)^,(x:)::y«(u)v^v) v )dudv 

Jo Jo 

X u i -J 1 V p {u)Y v ^V s (v)*p, V» V»y>) dudv 
M v «{Xy u +a -W v »V 5 {v)i},V\v) V ) dv 
ttJ*M v %(X)i + ^Y v »dA v ]) 1,,<p\ (78) 



o jo 

t 



Similarly 



I 2 = / Qf X u * M u J (Yy j+S _p dA u ^ V», ^ ■ (79) 
The identity ( |74|) follows immediately from (|77|) , (|78|) and (f79f). ■ 



February 1, 2008 



68 



Corollary 9.2 (Quantum Ito Product Formula) If the product processes 

M°(X)Y, XM](Y), 5 l ^XY 

exist in £-? mx (f)) SO; ££ mx (f)) so and C r cmx (S)) so , where 1/p+l/q = 1/r £/ien the 
product process M%(X)M] (Y) exists in £^i X (i})so and 

M t a p {X)M t ]{Y) = [ M s a p (X)Y s dA s }+ [ X S M S ](Y) dA s % 

Jo Jo 

+5}5J [ X s Y s dA s l (80) 
Jo 

Proof. This follows directly from the identity ( fT^D together with the norm 
bounds (0), © and (||) in Theorem |T]. ■ 

We give sufficient conditions that the conditions of Corollary are satisfied. 

Corollary 9.3 Suppose a, (3, 7, 5, p, g, X, F satisfy the conditions of Lemma 
|9.f| and define scalar matrices tv(X), tv(Y) by the formulae 

K(X)* = ifv(xyr* pj i k{Y)) = ^y{x))rj s ji. 

If the scalar matrix K(X)V(Y) + V(X)K(Y) + V(X)V(y) has finite entries 
then X and Y satisfy the conditions of Corollary [97| and the quantum Ito 
product formula (|80|) is valid. 

Proof. It follows from the norm bounds (f|7]), (|48| ) and (^), that the r.h.s of 
(|T4| ) is bounded by 

(i + a)i(j + 5f*(i + a- 7 )f ^ \\x£b\\ p \\Yj;\\ q 

+(i + a)f (j +5)Hj+5- \\Xt\\ p \\Y£?\\ q 

+5lSj(i + a)Hj + 5^\\Xi\\p\\Yf\\ q 

< (j + 5) i (i + a _ 7) t «(J0i^cn? + + «) f 0' + 5 - )9)^wt«(y)i 

+^(i + a)fa + 5)^(x)^(y)j. 

Therefore 

00 

+(* + a)t(; + 5 - (3)i{V{X)K{Y))) + «(z + a)*(j + 5)Hu{X)U{Y))). 
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which is finite for all i, j. It follows that the the product process M t ^(X)M t ] (Y) 
exists. 

Now 

\\M v «(xy;^Y v »\\ < (< + a- 7 )V||^IU|nj|| 

and 

oo oo 

E IK ( x )» a ^ Y ?\\ q < (* + « - 7) f E « WW < °°- 

Therefore the product chaos matrix M s p(X)Y s exists for almost all s e [0, 1] 
and defines a cmx process in C^ mx (Sj) ao - Similar arguments show that the 
product chaos matrix X S M S J(Y) exists almost everywhere and defines a 
process in C p cmx (S)) so and that, for /3 — 8 — 1, s \— > X S Y S defines a process in 
the appropriate C r cmx (9j) so . 



Taking weak sums on both sides and using the DCT yields (80). ■ 

In particular if X and Y are (2k + l)-diagonal matrices for some k G N then 
the conditions of Corollary |y| are satisfied. Since the basic processes are 
tri-diagonal any polynomial in them is (2k + l)-diagonal for some fceN. 

Corollary 9.4 If X and Y are polynomials in the basic processes then the 
quantum Ito product formula flSOj) is valid. 



10 Quantum Duhamel Formula 

In this section we show that the quantum Duhamel formula [f2^, Proposition 
5.2] for regular quantum semimartingales remains true for some quantum 
stochastic integrals and some essentially self-adjoint quantum semimartin- 
gales. The proofs, which use series expansions and Nelson's analytic vector 
theorem, follow the same lines as the proof for regular quantum semimartin- 
gales. 
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Theorem 10.1 Let (E,F,F*,H) be an adapted symmetric integrable cmx 
quadruple and let K, be the control matrix of the process 

M t = [ (EdA + FdA + F* dA^ + Hds). (81) 
Jo 

If e > and £ o C A e (K>) then, for —e<p<e, 

(i) the product cmx processes 

M a F"(M + EfG v M^ exists in £ p cmx (F)) so , p = — (82) 

whenever a, (3, 7 G N and fx,v G {0, 1}. 

(ii) /or n = 1,2,... £/ie formulae 

E n = (M + E) n -M n 

F n = M a F(M + Ef 

a+/3=n-l 

(F n f = (M + E) a F*M 13 

a+P=n-l 

//,. M a HM^+ M a F(M • E) 7'*.\/' 

a +/3 =n _l Q+/ 3 +7=ra _2 

define an adapted symmetric integrable cmx quadruple (E n ,F n , (F n ) ,H n ). 

(iii) M n = {(M t ) n : t G [0, 1]} is a symmetric cmx quantum stochastic integral 
with 

(M t ) n = [ (E n dA + F n dA+ (F n )* dA^ + H n ds), n = 1, 2, . . . . (83) 
Jo 

(iv) ^00 C A e (M t ) n A(M t ) and 5) o C A((M + f?) t ) n A € {{mTe\) for 

te [0,1]. 

(v) M and M+E are essentially self-adjoint with core $) 00 . 
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(vi) The series I + Yl*k=\{wM) ' jk\ is convergent in £^ x (io) so to a process 
J{p) and 

J tip) = e* pJIt 

(vii) The series I + ^^(^(M + E)) k /k\ is convergent in £^ x (f)) so to a 
process K(p) and 

K t (p) = e ipMTEt 

Proof. The proofs for M + E are similar to the proofs for M and will be 
omitted. 

Since A(tv) ^ the product matrix tv h exists for all k E PJ by definition. 
If V = y[M) is the scalar matrix of M then K + V -< IK and (K, + U) k 
exists for all k E N. Since tv and V have non-negative entries the product 
scalar matrix K ay V^ x ■ ■ ■ K, ak h /l3k exists whenever a>i, . . . , a^, fli, . . . , Pk are 
non-negative integers with a% + ■ • • + + fli + • • • + = n. Moreover 
(K + V) n is a finite sum of such monomial products. 

(i) If l,a,/3,7 < k then V(M a ), V{F), V{{M + Ef), V(G) y V(M~<) -< (K + 
V) k . Since M,EE ($)«,, F,G E £ c 2 mx (£)so, and H E ALc(#)so and the 
product scalar matrix (hZ + U) 5k exists for all k it follows from Lemma [7w] 
that M a F^(M + EYG V M^ exists whenever a, /?, 7 E N and //, v E {0, 1}. 

(ii) It follows from (i) and Corollary |97| that the formulae in (ii) define cmx 
processes E n , F n , (F n )* and H n . The following algebraic identities follow 
directly from those formulae. 

E n+l = M(M + E) n — M n+1 + EM n + E(M + E) n — EM n 

= ME n + EM n + EE n ; 
F n+1 = Y M a+1 F(M + Ef + FM n + F(M + E) n - FM" 

= MF n + FM n + FE n - 

(F n+1 )* = Y M ( M + E T M<i + F * M ' n + Y E ^ M + E T F * Ml3 

o+/3=n-l a+/3=n-l 

= M(F n )* +F*M n + E(F n f; 
H n+1 = HM n +Y Ma+lRMl3 + Yl M a+1 F(M + E) I3 F*M 1 

a+/3=n-l a+/3+7=n-2 
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+ ^F(M + E) /3 F*M~ f 

/3+7=n-l 

= MH n + HM n + F(F n )*. 

The quadruple (E n , F n , G n , H n ) is integrable by (i) and adapted by Corollary 
4.7 . It follows from (i) and Lemma 2J. than G n = {F n )* for all nGN. 

(hi) Applying the Quantum Ito product formula fl8"0|) to M 4 M™, where M 
and M n are given by (^l|)and (|83|) , gives 

M™ +1 = / (MdM n + dMM n + dhldhl n ) 
Jo 

= I ((ME n + EM n + EE n )dA + (MF n + FM n + FE n )dA 
Jo 

+ {M{F n )* + F*M n + E{F n f)dA ] + {MH n + ifM n + F{F n )*)ds) 

= [ {E n+1 dA + F n+l dA + F* +1 dA^ + H n+l ds). 
Jo 

(iv), (v), (vi) Since V(M) -< K and £ o C A(^) implies that £ o C A e (U(M)). 
Parts (iv), (v) and (vi) then follow from Theorem |7. 10| . ■ 

Under the above conditions we define e tpMt and e l p( M + E )t to be the chaos 
matrices Jt(p) and K t (p) respectively. We now have the following chaos 
matrix version of the quantum Duhamel formula. 

Corollary 10.2 (Cmx Duhamel Formula) The chaos matrix process {e ipMt 
t G [0, 1]} has a representation as a cmx quantum stochastic integral 

e ip * = I + / (E eX p( ip M) dA + dA + Gcxp(ipAf) dA ] + ifexp(ipM) ds). (84) 

Jo 

The integrands form an adapted integrable quadruple and are defined by the 
formulae 

E exp(ipM) (t) = IP f e ^) P M tEt ju P M t du = e ip{M t+ E t ) _ e i P M t 

Jo 

F eMipM) (t) = ip [ e ^ pMt F t e^ Mt+Et Uu 
Jo 
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G cMipM) {t) = ip e ^- u ^ M ^F*e iu ^du (85) 
Jo 

H cMrpM) (t) = ip f e l ^ pMt H t e iupMt du 
Jo 

Jo Jo 



-P 2 



'0 JO 

They have power series representations 

oo /• \„ i-i oo x „ oo \ n7 -i>K 







n! " ** ' A — ' n\ ' 1 * ' 14 — ' n! 

n=0 n=0 n=0 



n! 

n=0 

£/ie series converging in £~ x (i}) so; £;; mx (£) so; C 2 cmx (Sj) so and £l mx ($)) so re- 
spectively. 

Proof. There is no loss of generality in taking e > 1 and p = 1. Both M and 
M + E satisfy the conditions of Theorem |T.10| . 

If < u < 1 define S k (u) in £~ x (f>) so and T k (u) in £emxC$)so by 

Sk ^ = ~\ ' Tk ^ = 2> F ) g\ • 

a=0 ' /3=0 ^' 

By Theorem |10.1| , the product processes M a F{M + E)@ exist in £^ mx (^) so 
for all a, (3 G N. Therefore product process S k {u)T k {u) exists for all u G [0, 1] 
and 

S k {u)T k [u) = 2^ ^ W oj 

Now ti i — > S k (u) and u t— > T k {u) are continuous functions into £^ x (fj) so and 
4 2 mx(^)so respectively and: 



S k {u) converges to e i{1 ~^ M in £^ x (£) so and Z/(S fc ) -< k 
• • ■> 

(b) T fc (M) converges to (iF)e iuM in £;; mx (£) so anc i z/(T fc ) -< Ke uK k = 1,2,. 



1,2,...; 
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Therefore V{S k {u))V{T k {u)) -< Ke K for all u e [0, 1] so by Proposition [TTT 



it follows that S k (u)T k (u) converges in C 2 cmx (9)) so to e^ 1 ^™ (iF)e iu ( M+E >fm 
each «6 [0, 1] and 



(iM) a (iF)(i(M + E)f 

I e t{1 - u)M (iF)e iu(M+E) du = F e: 
Jo 



hm / S k {u)T k {u)du = hm \ 

M li t~i\ Au(M+E) j_ i 

cxp(iAI)- 



If TZ k in Cl mK ($j) so is defined by 



T**=(f S k {u)T k {u) du) - ( £ ^f] = E 



i n F n \ {iM) a {iF){i(M + E)f 



... , (a + d + iy. 

n=0 / 0<a,/3<k<a+/3 v r ' 



then linifc^oo lZ k = in £^ mx (io) so . This follows from Lemma |7Jd| since 

"(**H E T^TT^E^ 

a+/3>k v ' ' n=k 

which tends to the zero matrix as k — > oo. Therefore 

^exp(iM) - Z^^T~' 
n=0 

the series converging in £;? mx (fj) so . 

The proof of the power series representations are similar and will be omitted. 
It follows from (|83| ) that 

CO „ t 

e i P M t = I + J2(ip) n (E n dA + F n dA+(F n f dA^ + H n ds) 

n=l J 

— I + / {E cxp (i P M) dA + 

-^exp(ipM) 

JO 

The interchange of the integrals with the sums is justified by Theorem 6.6. 
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The next problem is to deduce from (|84]) a quantum Duhamel formula for 
quantum stochastic integrals. When the integrands (E,F,F*,H) are not 
required to be bounded we are unable to find reasonable sufficient conditions 



to ensure that integrands can be defined on £ by the formulae (|87|). We 



therefore restrict attention to the case that M is a cmx semimartingale. 

If the quantum Duhamel formula is valid for all real p then the functional 
quantum Ito formula may be proved as in ER Theorem 6.2.] using the 
Fourier functional calculus 



f(M t )= / f{p)e^ Mt dp. 
Jm 

Corollary |10.2| only implies that pM satisfies the quantum Duhamel formula 
for \p\ < e. The following corollary shows this is sufficient. Repeated appli- 
cations of the quantum Ito product formula of Hudson and Parthasarathy 
are used to show that pM satisfies the quantum Duhamel formula for all real 
p. This is true in particular if M is one of the quantum semimartingales 
described in Proposition |7~3| . 

Corollary 10.3 Let M = {M t : t G [0, 1]} be a symmetric quantum semi- 
martingale 

M t = I (E s dA s + F s dA s + F* dA\ + H s ds) 
Jo 

with corresponding symmetric cmx semimartingale M = {M t ; t G [0, 1]}: 

M t = [ (E s dA s + F s dA s + F* dA\ + H s ds). 
Jo 

If there exists e > such that £oo C A e (ti) where K, is the control matrix of 
M then 

(i) M is essentially self-adjoint with core fjoo- 

(ii) If M t is the closure of M t then e ipM is a regular quantum semimartingale 
and pM satisfies the quantum Duhamel formula 

e %pM t = 1+ (E C K P (i P M) dA+F^ipM) dA + G ex p(i pM ) dA* '+ H e xp{ipM) ds), (86) 
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for all real p, where 

E eMtpM )(t) = e w(M t+ E t ) _ e ipM t 

F eMtpM) (t) = ip f e^- u ^F t e iu ^ + ^du 
Jo 

G cMlpM )(t) = ip f ja-u)p{M t+ E t )p* e iu P M tdu (g7) 

Jo 

H exp(ipM) (t) = ip [ e^- u ^H t e lu ^du 
Jo 

+ {ipf [ [ ue^-^'Fte^-^^^F^e^^dudv 
Jo Jo 

Proof. There is no loss of generality in assuming e = 1; simply replace M by 
eM. 

It follows from |23|, Theorems VIII.25, VIII.21] that u i-> e i(1 ~" )pI?t and u ^ 
e iup(Mt+E t ) are s t rori gly continuous. Therefore the function u h-> e <(i-«)p^* p t ^u P {Mt+E t ) 
belongs to L^ ax (Ti.) so for almost all t e [0, 1]. Theorems |2/7| and |10.1| (vi), 
(vii) now imply that F exp ( ip M) (t) is a cmx representation of F cxp ( ip M) (i) for 
almost all t. The other integrands in ( jS5|) and ( 87|) are similarly related. By 
Theorem |6l] Equation (|86| ) is true for —1 < p < 1. 

Since e* A/ is a unitary process it follows that E exp ( iM ) is in L££, x (f)) so while 
^exp(iAf), G , cxp ( iA/ ) belong to Ll mx (fi) so and H cxp(iM ) is in Lcmx(£>)so so that 
e jM is a regular quantum semimartingale. 

We now prove fl§5| ) is valid for p = 2. 

By the quantum Ito product formula of Hudson and Parthasarathy, [1], The- 
orem 5.], [11| Theorem 4.5], 

e 2iMt = 1+ f e^d{e^)+d(e^)e^ + d{e^)d(e m ).m 



The coefficient of dA is e iM E eMiM) + E cxp{m) e iM + E exp{m) E cxpm which 
equals 

e m e i(M+E) _ e i2lJ j^ e i{M+E) e Ol _ e i2M 
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E exp (i2M) 



The coefficient of dA is 



AM fp , fp AM _i_ fp _ fp 

e ^exp(iM) - r exp(iM) e "r - r exp(iM)- C/ exp(iM) 



Jo Jo 

+i j\i(l-u)Mp e iu(M + E) ^ e iu(M+E) _ e iM^ du 
= i ^ ^ e *P-»Wp e m(M+£) +e i(l-u)Mp e i(l+u)(M+E)^ du 

= i / 2 ^ e *(l-^2M 2j p e »(2M+2E) + e i(l/2- i ,)2M 2j p e i(l/2+ t ,)(2M+2E) j rfu 
1 j 

= i J\ l{1 - v)m 2Fe l < 2 ' M+2 ^dv + ^ e ^-)2M 2j p^(2M+2i?) dw 



2 

u)2M 2 p e iv(2M+2E) dy 



fp 

^exp(i2M) 



Taking adjoints, or calculating as above, the coefficient of dA^ is 

i f e^-^ + 2E ){2 p Td um du = £ 
Jo 

The contribution of H to the coefficient of dt is 



^ (ei(?-*)MftjuM + e i(l-u)M jj e i(l+u)M j ^ 

/•i _ _ _ _ 

= i / 2 (e^-^ 2M 2He m2M + e <(V2-«)2Af 2 ^ e i(i/2+«)2M j ^ 

jf ' e *(l-)2M 2 ^ e »2M d„ + j ^ e «(l-)2M 2 ^™ 2 l rfw 



= 2 



2 

1 eJ (l- U )2M 2 ^ e »2M (f?( 







We now calculate the contribution of F and F* to the coefficient of dt: 

• / 1 e i(l-«)M^ e i«(M+B) ^ A [\i(l-v)(M+E)p* e ivM dv 



/ \ ^0 
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'o Ji 

The change of variable uv i— > v gives 



f I e i { l-u)Mp e i(u + l-v)(M+E)p* e ivM dudv (g9) 

Jo Jo 

J jf e i(2-u)Mp e i(u-v)(M+E)p* e ivM dudy (Q0) 



•1 /-l 

e iM I / ue i{1 - u)M Fe iu{1 - v)M F*e iuvM dudv 



o 



Similarly 

-1 



e i(2-«)M^ e i( U -«)(M+B)^* e feM dvdu ^ 



t/0 



JO 



u ^(l-u)M p e iu{l-v)M p* e iuvM dudv ] f ,7w 
-1 r u 



e i(l-u)M p e i(u-v)(M+E)p* e i(l+v)M dvdu 
J' j" e ^-n)Mp e i(u-v)(M + E)p* e ivM (g2) 



JO 
2 >•« 



Subtracting Equations (|9l|) and (^) from Equation (pCf ), the contribution of 
F and F* to the coefficient of dt is 



2 />« 

e i(2-u)Mp e i(u-v)(M+E)p* e ivM dvdu 

-1 r u 



JO 



= - [ /% l ( 1 - u )( 2M )(2F)e i( "^ )(2M+2 ^ ) (2F)*e ro(2M) ^ifl3) 
Jo Jo 

Adding this to the contribution of H the coefficient of dt is H exp ^ i2 jjy It 
follows from Equation ( p8|) that 

e «S?t = /+ f (£j ex dA+F exp(i2ir) <M+G exp(i2M) ^+# exp(t2l7) d s ). (94) 
Jo 

and the quantum Duhamel formula is valid for 2M. It follows by induction 
that the formula is valid for 2 k M for all fceN. 



We have shown above that pM satisfies ([86]) if Therefore 2 h pM satisfies (|86] 
for all k e N and —1 < p < 1. Therefore (|86|) is valid for all real p. ■ 
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It follows from the concluding remarks of Section |5] that there is a large 
class of (2k + l)-diagonal quantum semimartingales whose integrands are 
constructed from L 2 -kernels. These semimartingales satisfy the quantum 
Duhamel formula. 

Corollary 10.4 Let M be a symmetric quantum semimartingale 

-t 

M t = I E dA + F dA + F* dA ] + H ds. 



o 



with corresponding cmx semimartingale 



[ {EdA + FdA + F* dA^ + Hds). 
Jo 



If the integrands E, F , F* and H are processes of (2k + l)-diagonal matri- 
ces then M is essentially self-adjoint with closure M and pM satisfies the 
quantum Duhamel formula for all real p. 



y 



Proof. If if; e & then E t )ij) = (E^Y and ||£ f ^|| = (E^f < E t ip 

Therefore \\Et)\\ < \\E t \\ for all t e [0,1] and V)(E) < H^H^. Similar 
Vj(F) < \\F\\ 2 and V)(H) < WH^ for alH,j. If £ = WE^ + 2 \\F\\ 2 + \\H\h 
then Kj is (2k + l)-diagonal with t\ l - < £(i + j) for all i,j. It follows from 
Proposition [T3] that i 00 C A e (E) for e = ^(Ak 2 + 2k)~ l . 



The required result now follows from Proposition [7.3| and Corollary |10.3 . 



The argument in Corollary |10.3| only uses the fact that (|86D is valid whenever 
— e < p < e and does not rely on the properties of tv. Therefore it may be 
used to prove the following theorem. 

Theorem 10.5 Let M = {M t '■ t G [0,1]} be a symmetric quantum semi- 
martingale. If M t is essentially self-adjoint and the quantum Duhamel for- 
mula (|86|) is valid for — 1 < p < 1 then it is valid for all real p. 

The Brownian quantum semimartingale B = A + A' is an essentially self- 
adjoint process in S' which does not belong to S S8i . The operators B t are 
unbounded with common core T>(N l l 2 ), where iV is the number operator. 
Let W : L 2 (£l,F w ) < — » fi be the Wiener-Ito isomorphism. Let B = (B t : 
t G [0, 1]) be Brownian motion. Abusing notation, let B t also denote the 
unbounded self-adjoint operator in L 2 (Q,F W ) of multiplication by B t . Then 
WoB t o W~ l = B t for t e [0, 1]. 
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The quantum semimartingale B = A + with quadruple (0, /, /, 0) satisfies 
the condition of Corollary |10.4| so that B satisfies the quantum Duhamel 
formula 

= I + i [ dB a - \ [ e^ s ds. (95) 
Jo 2 J 

This is equivalent, via the Wiener-Ito isomorphism, to the classical Ito for- 
mula for the function x h- > e tx and classical Brownian motion W = {Wt '■ t G 
[0,1]}: 



11 Quantum Ito Formula 

As in PB[ the quantum Duhamel formula in Section [TO leads, via the Fourier 



functional calculus, to a functional Ito formula. 

If T is a self-adjoint linear transformation in and / and its Fourier trans- 
form / lie in L 1 (IR) then define f(T) in B(Sj) by the Bochner integral 



f(T) = / f(p)e^ dp. (96) 

J — oo 

This definition of f(T) agrees with the usual definition via the functional 
calculus. 

It follows from the proof of Corollary |10.4| and the remarks preceding it that 
there is a class of non-trivial quantum semimartingales, whose integrands are 
(2k + l)-diagonal processes defined by L 2 -kernels, satisfying the conditions 
of the following theorem. 

Recall that C 2+ (R) = {/ G L^R) : p h+ p 2 f(p) belongs to L^R)}. 

Theorem 11.1 Let M = {M t : t G [0,1]} be a symmetric quantum semi- 
martingale 

M t = I (E s dA s + F s dA s + F* dA\ + H s ds) 
Jo 
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with corresponding symmetric cmx semimartingale M = {M t : t G [0, 1]}: 



M t 



[ (E s dA s + F s dA s + F* dA\ + H s ds). 
Jo 



If there exists e > such that £oo C Ae(^) where Hi is the control matrix of 
M then M is essentially self-adjoint with core fjoo- 

For each f G C 2+ (R) the process f(M) = {f(M t ) :te[Q, 1]} defined by the 
formula ( |9"6"D zs a regular quantum semimartingale which satisfies the quantum 
Ito formula: 



f(M t ) = f(0) + / (E f{M ) dA + F m) dA + G m) dA^ + H m) ds) (97) 
Jo 

where 

/oo 
f(p)E exv{wM )dp = f{M + E)-f(M) 
-OO 

/OO /' DC /*1 

f(p)F cMlpM) dp = ip f( p ^p(l-u)Mp e ipu(M+E) dudp 

-co J — oo J 



/oo poo P X 

f(p)G cMipM) dp = ipf{p)e ip ^ M+ ^F*e ipuM dudp 
oo J — oo J 

/oo /* oc /*1 

f( P )H eMipM) dp = / / ipi(py p{l - u)M Hj puM dud P 
•oo >/ — oo ./ o 



oo •/ — oo «/ 

oo pi pi 

/ / p 2 f(p)ue ip(l - u)M Fe ipu{1 - v){M+ ^F*e ipuvM dudvdp 

-oo </0 ./0 

Proof. It follows from Corollary |10.3| that 

/oo /»£ 
/(p) / (E cxp(ipM) dA + F cxp(ipM) dA 
-oo JO 

+G'cxp(ipAf) £^4* + H cxp (i pM ) ds) dp. (98) 

so that, formally, the theorem may be proved by interchanging the order of 
integration in fl9"8]). This requires a Fubini type theorem for regular quantum 
semimartingales. The proof is the same as when M itself is a regular quantum 
semimartingale |2^, Theorem 6.1, Theorem 6.2]. ■ 
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Remark. The proof of [28, Theorem 6.1] is correct for the functions e, /, g, h 
defined by the formulae p8[ (48)]. The proof under the given conditions is 
not quite correct. The sixth equality in that proof is not necessarily valid 
under hypothesis (d). However this may be remedied by observing that in 
the seventh equality the integral with respect to p may also be taken outside 
of the inner product. 

In order to mimic the classical Ito formula we recast Equation |98| in terms 
of the differential Df(M)(-) and the Ito second differential Df/(M)(-,-) of 
/ at M. 



If H G B(S)) is a bounded self-adjoint transformation then standard pertur- 
bation theory (Hille-Phillips) JT0[] shows that i(T + H) is the generator of a 
one parameter unitary group p h- > e tp ^ T+H ^ so that f(T + H) is defined by 
(96) with T replaced by T + H . We show that / has a differential at T in 
the direction of H . 



Proposition 11.2 Let T be a self-adjoint operator and let H and K be 

bounded self-adjoint operator in $). If f £ C 2+ (1R) then the first differential 
Df(T)(H) and the second differential D 2 f(T)(H, K) both exist and are given 
by the formulae 



Df(T){H) 
Df(f)(H,K) 



oo /•! 



ipf(p)e ip{1 - u)f He ipuf dudp; 



(99) 



-oo ^0 
oo r l rl 



—p 2 f(p) { e ip ^~ u ^ T He ipu<yl ~ v ^ T Ke ipuvT 

x -h\ JO ^ 

+e ip(l-u)f^ e ipu(l-v)ffy el puvf\ dudvdv _ ( 100 ) 



Proof. Consider the Duhamel formula 



i(T+eH) 



e lT +e 



1 rl 



e ia-u)T He iuT du+e 2 / / e i(l-u)T He iu(l-v)T He iuv(T+eH) 
n JO JO 



Since 



e i(l-u)f 



3 iu(l-i;)T 



and 



AuvT 



are all 1 it follows that 



JT 



e i(l-u)Tfr e iuf du 



< e 



H 
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Therefore 
f(f + eH)-f(f) 



oo JO 



ipf(p)e ip{1 - u)f He ipuf dudp 









< e 


H 


2 y ( 









\pf(p)\ d P 



which tends to zero with e. This proves (^)- A similar argument applied to 
the right hand side of Equation (|99| ) may be used to prove ( |100| ). ■ 

These differentials may be extended to all H and K in £>(f)) as follows: If 
H = -H* and K = —K* then let 



iDf(T) (H) 

D 2 f(f)(H,K)=iD 2 f(T)(H,iK) 



Df{T)(iH); 

D 2 f(T)(iH,ik)=iD 2 f(iH,K). 



Each operator in B(S)) is, uniquely, the sum of a self-adjoint and skew ad- 
joint transformation so these definitions extend uniquely by linearity and 
bilinearity. The Ito second differential , Dj, is defined via the matrix opera- 
tor equation 



-D 2 f 
2 J 



X 
X 



"0 H 1 [0 H 

k o J ' [ k o 

Djf(X)(H,K) 

Djf(X)(K,H) 



(101) 



Djf is an unsymmetrised version of D 2 f and D 2 f(H,K) = D 2 f(H,K) + 
D 2 f(K,H) H, §2.]. 

We use the following notation: 

Df(M)(dM) ■ 



D 2 f(M)(dM,dM) 



Df(M)(E) dA + Df(M)(F) dA 

+Df(M)(G) dA ] + Df(M){H) dt, 
D 2 f(M)(E, E)dA + D 2 f(M)(F, E)dA 

+Djf(M)(E, G) dA^ + Djf(M)(F, G) dt 



The quantum Ito formula is most heuristically satisfying when E = 0. In this 
case it is a generalisation of the classical Ito formula for Brownian (continu- 
ous) semimartingales. If E ^ the more complicated formula p8| Theorem 
6.2.], which generalises the classical Ito formula for some discontinuous semi- 
martingales, is also true. 
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Corollary 11.3 (Quantum Ito Formula) Suppose the symmetric quan- 
tum semimartingale 



[ (F s dA s + F* dA\ + H s ds) 
Jo 



satisfies the conditions of Theorem 

If f G C 2+ (R) then f(M) = {f(M t ) ■ t G [0,1]} is a regular quantum 
semimartingale and satisfies the quantum Ito formula 

f(M t ) = /(()) + S\Df(M s ){dM s ) + D 2 f(M s )(dM s , dM s )) (102) 



Proof. This theorem is a translation of Theorem 11.1 using the above termi- 



nology together with Proposition |1 1 .2 



The Brownian quantum semimartingale B t = A t + A\ , satisfies the conditions 
of Corollary |11.3| . It follows from (|102|) , or directly form Equation (|95D, that 

f(B t ) = f(0) + f f'(B s ) dB s + \f f"(B s ) ds 
Jo 1 Jo 

whenever / G C 2+ (IR). The analysis in |28|, Section 7] and |J shows that 
Equation ( |102| ) is equivalent to the classical Ito formula for Brownian motion 

f(W t )=f(0)+ f f'(W s )dW s + l f f"(W s )ds 
Jo 1 Jo 

Thus we have extended the quantum Ito formula for regular quantum semi- 
martingales to a non-trivial class of essentially self adjoint quantum semi- 
martingales containing the Brownian quantum semimartingale. 

Example 11.4 

For each real 9 the quantum semimartingale Pt(0) = e 10 ^ A t + e~ te ^ A\ is rep- 
resentable as a Brownian motion. It has a conjugate quantum semimartin- 
gale Qt{0) = i(e t9 ^A t — e~ t9( -^ aI) , sometimes called the "upside-down" quan- 
tum Brownian motion. Q(8) is the conjugate of P(0) by the Fourier- Wiener 
transform: Q t (6) = TP t (B)T- x ||, IV §2.3, VI §1.13]. 
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The case where 9(t) is a differentiable function of t is interesting. Let P t = 
Pt(6(t)) and Q t = Q t (6(t)). Then P = {P t : t G [0,1]} and Q = {Q 4 : 
i G [0, 1]} are essentially self-adjoint quantum semimartingales with core S. 
Using the characterisation fl69|) of quantum stochastic integrals it is easy to 
check that 

dP t = e im dA t + e~ im dA\ + (e i6 ®A t - e~ im A^ 9'{t) dt. 

P satisfies the conditions of Corollary 10.4 . The differential form of the 
quantum Duhamel formula is 

de lPt = e iPt dP t - -e iPt dt + i6'{t) / e i{1 ~ u)Pt {e ie{t) A t - e~ m A\)j uPt du dt 
2 Jo 

= e iPt dP t --e iPt dt + 9'{t) / e i{l - u)Pt Q t e luPt dudt. 
2 Jo 

The quantum Ito formula for / G C 2+ (M) is 

d(f(Pt)) = f'(Ps) dP s + l -f"{P s ) ds + 6'(s)Df(P s )(Q s )ds 

This is the classical Ito differential continuously perturbed by the last term 
which is 6'(t) times the differential of / at P t with magnitude Q t in the 
direction of the conjugate Brownian quantum semimartingale to P t . 



12 Quantum Stratonovich Formula. 

Quantum Stratonovich product formulae arise naturally in the construction 
of models in quantum optics || Section II]. They also appear in the analysis 
of the quantum Liouville equation [^B], op. cit.]. 

Care should be taken in interpreting the statement following [?, Equation 
3.14.]. This could be thought to imply that the correction term in the func- 
tional is the symmetrised second differential rather than the correct unsym- 
metrised Ito second differential. This interpretation would lead to an incor- 
rect statement of the functional quantum Stratonovich formula. 

The functional quantum Stratonovich formula for regular quantum semi- 
martingales may be deduced from the functional quantum Ito formula. The 
details will be published elsewhere. 
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Theorem 12.1 Let 

t-t 



M t = [ F s dA s + F* dA\ + H s ds 
Jo 



be a gauge-free regular self-adjoint quantum semimartingale. If f € C 3+ (IR) 
then 

f(M t ) = /(0) + {Df(M s )(dM s ) (103) 
Jo 

We have used the following notation. 

C 3+ (R) = {f G L\R) : p ^ p 3 /(p) belongs to L 1 (R)}. 
The quantum Stratonovich integral 



pt n—l s \ 

j>Df(M s )(dM s ) = so-hm J^Df (M tfc+1 + M tk )j (M tk+1 - M tk ) 



where V is the partition = t < t 1 ■ ■ ■ < t n = t with \V\ = max{|t fc+1 — t k \ : 
k = 0, n — 1} and the convergence is in the strong operator topology. 

Care should be taken in interpretation of the Stratonovich integral since, in 
general, (A tk+1 — A tk ) and (A\ k+i — A tk ) do not commute with (M tk+1 + M tk ) 
and 

Df(M s )(dM s ) Df{M s ){F s ) dA s + Df(M s )(F}) dA\ + Df(M s )(H s ) ds. 

The proof of Theorem |12.1| which uses the Taylor series expansion of / : 
B(Sj) — > B(Sj) to three terms with remainder depends on the regularity of 
M. The control of the remainder when M is irregular becomes a serious 
obstruction. 

The product formula may be recovered from the functional formula, with 
f(x) = x 2 , using 2x2 matrix valued processes as in f28| , §3]. 

It may also be shown that if M = J* F s dA s + F* dA\ + H s ds is a symmetric 
cmx semimartingale satisfying the conditions of Theorem |11.1| and / is a 
polynomial then 



Jo 



f(M t ) = f(0) + %Df(M s )(dM s ) (104) 
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where 

lDf{M s ){dM s ) = se-hm ]Tl>/ f~ (M tfc+1 + M,J ) (M t&+1 - M tk/ 
Jo I H fc=0 V / 



and the se-limit is the strong entrywise limit: the limit in the strong operator 
topology in each matrix entry. 

Problem 1. Is the cmx Stratonovich formula ( \104) valid for f G C 4 (lR)nL 1 (]R) 
and does it give rise to a corresponding quantum Stratonovich formula ? 



13 Perturbation of Classical Semimartingales 

For the remainder of this article we will not be concerned with chaos matrices 
and the used to distinguish operator from chaos matrix will be dropped. 

It follows from Section [| and Corollary |10.4| that there is a large class of 
irregular essentially self-adjoint quantum semimartingales which satisfy the 
quantum Duhamel formula and consequently the quantum Ito formula. The 
next three sections are devoted to showing that this class is closed under 
perturbation by regular self-adjoint quantum semimartingales. 

Theorem |13.1| , the main result of this section, is a special case of Theorem 
15.3 . However the proof of the former is more sophisticated than the proof 
of the latter, which uses rather crude expansion methods. 

Let W = {Wt : t e [0, 1]} be Brownian motion on (Q, P), the classical Wiener 
space for the time interval [0, 1] endowed with the Brownian filtration. If 
/ G L 2 [0, 1] let if)(f) denote the exponential martingale: 

^(/) = e Iomdw s -y^Hs) 2 ds 
If W : L 2 (fi,P) c — » ft is the Wiener-Ito isomorphism then e(f) = W?p(f). 

Let F be a bounded real- valued adapted stochastic process on (fi, P). Then 
the martingale M t = J* * F s dW s satisfies the classical Ito formula: 

/(Mi) = /(0) + J^f'(M s )dM s + ± J*f"(M s )d(M) s , (105) 
where dM s = F s dW s and d(M) s = F 2 S ds. 
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If F = / then M = WoMoW -1 is the Brownian quantum semimartingale For 
more general F the cmx representation of F = W o F o W _1 is complicated 
and does not satisfy the conditions of Corollary [TO and the classical Ito 
formula (|105|) does not directly follow from (|102| ). 

Using a martingale moment inequality ]12], Exercise 3.25] 











E[M 4 ] < 6E 


j\t A s \ds 


< 6E 











so that M t G L 4 (f2,P) for i G [0,1]. It follows from direct calculation that 
^(/)GL 4 (fi,P). 

However M is a martingale and M = {M t : t G [0, 1]} defined by 



M t = f FdA + FdA^ 
Jo 



is a quantum semimartingale that satisfies the Ito formula 



f(M s )F s ( t L4 s + d4) + - / f"(M s )F*ds 



f(M t ) = /(0) 



for all bounded C 2 functions /. By p3[ VIII. 3 Proposition 2] with p = 4 
it follows that for each t G [0, 1] the operator of multiplication by M t is 
self-adjoint on its maximal domain and that Sw is a core for M t . 

These facts may be used to show that perturbations of M by regular quantum 
semimartingales satisfy the quantum Ito formula. 

Theorem 13.1 Let N = N(R,S + F, S* + F,U) be the quantum semi- 
martingale M + J where J is a regular self-adjoint quantum semimartingale: 

J t = [ (RdA + SdA + S* dA ] + Uds). 
Jo 



Then pN is essentially self-adjoint and satisfies the quantum Duhamel for- 
mula, ([86]), for each real p. 



Corollary 13.2 Iff G C 2+ (1R) then f(N) satisfies the quantum Ito formula 
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We will only outline the proof, which follows that for the special case F = I 
29f . We shall need a result from that paper. 



in 



Proposition 13.3 Let JVM = (E^ , F^ n \ , H^) , be a sequence of 
regular quantum semimartingales and let N = N(E, F, G, H) be a quantum 
semimartingale such that: 

i) Ef\ F\ n \ G? andHl n] converge strongly to E t , F t , G t and H t respectively 
'or almost all t G [0, 1]; 

ii) sup{||A^| nl || :te [0,1], n = 1, 2, . . .} = K < oo; 

iii) supj|4 nl || =<*(t) eL°°[0,l]; 

iv) sup n (||Fi nl || + ||Gi n] ||)=/5(t)GL 2 [0,l]; 

v) bu Pb ||^||= 7 (t) 6 ^[0,1]- 
Then 

a) iV is regular with \\N t \\ < K for all t G [0, 1]; 

b) ivj n ^ converges strongly to N t for all t G [0, 1]. 

We also use the following corollary of Trotter's theorem. It is a direct conse- 
quence of H, Theorems VIII.21, VIII.25(a)]. 

Theorem 13.4 Let T n and T be self-adjoint operators and suppose that T> 
is a common core for T and all T n . IfT n <p — > Tip for each if inV> then e ipTn 
converges strongly to e tpT for each real p. 



< 1 



Proof of Theorem \13.1\ . It is enough to consider the case p = 1 and 

for all t. Then N t = M t + Jt is essentially self-adjoint on S by the Kato- 
Rellich theorem p3[ Theorem X.12]. Since J t is bounded N t = M t + J t , 
where operators are added on their common domain. 
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For each n = 1, 2, . . . choose a C°° function h n : K — * [0, oo) with /i„ = on 
(— oo, — 4n] U [4n, oo), with /i n (x) = x for x £ [— n, n] and with — 1 < h' n , H' n < 
1. By the classical Ito formula Gl, IV 3.] 



hJM 



ti n (M s )F s dW s + \ [ K(M s )F*ds. 
z Jo 



Moreover the multiplication operators h n (M) t , h' n (M) t and /i"(M) t are bounded 
with ||/i n (M) t || < n and ||/i' n (M) t || , ||/^(M) t || < 1. Applying the Wiener-Ito 
isomorphism, the restriction of h n (M) to £ is a regular essentially self-adjoint 
quantum semimartingale and, for ip £ £ , 

rt _ 1 

h n (M) t i> = J (ti n (M s )F s (dA s + dAl) + -ti^M s )F*ds)t/j. 

The processes 

F {n) = S + h' n (M)F, G {n) = S* + h' n (M)F, = U +^(M S )F 2 



are strongly measurable and 



Ft 



(n) 



G 



(n) 



(n) 



< M + l/2; 



Therefore 



(£ s dA s + Fj n ) tL4 s + Gi n) cL4j + ds) 



is a regular self-adjoint quantum semimartingale with 

N {n) = J + h n (M) 

Let ^ £ £. Since and R are bounded £ is a common core for M t} N t , 
iV t and R t for all i £ [0, 1] and n £ N. By the spectral theorem [^3], Theorem 
VIII.5 (c)] lim^oo h n (M t )ip = M t ip. Since J is regular A^V = h n (~M t )(p + 
Jt^p converges to N t ip. Similarly (A^ {n) + Rfitp converges to (N t + Rt)f 
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It follows from Theorem |13.4| that, for each real p, 



lim e ivN t n) = e ipNt , 
in the strong operator topology. 



lim e *(M B) +*0 = e ^ Nt+Rt \ (106) 



Now Halloo , ll^nlloo — 1 an d h' n an d h'n converge pointwise to 1 and respec- 
tively. By the spectral theorem |23|, Theorem VIII. 5 (d)] h' n (M t ) is strongly 
convergent to / and h'^(M t ) is strongly convergent to 0. Therefore 



lim F t (n) = S t + F t , lim G\' L> = S? + F u lim H, 



(n) 



r(n) 



■ t -o t -rr t , uuiuj — o t t r t , mil n t — u t , 

n—>oo n—>oo n—^oo 



(107) 



in the strong operator topology. 



The regular quantum semimartingale satisfies the quantum Duhamel 
formula, Proposition 5.1], for p — 1: 



(n) 



where 



exp(jA r (™)) 



e i(jv t (n) +fl t ) _ e ^ (n) . 



^ = ^exp(iJV("))> 
G n = Ggxp^xwfa) 

H [n] = H exp ( iN(n)) (t) 



(t) = i I e ^-u)Nr F (n) e iu(N^ +Rt ) du 



1 /•! 



^0 



we 



i(l-«)Af t (n) j p(n) e m(l- t) )(7V t (n) +i?, t ) G (™) e i™iV t (n) du dy 



If £, u e [0, 1] and n e N then 



< 



< mil + 1. 



Let if) G f). Since operator multiplication is continuous on norm bounded 
sets for the strong operator topology 0, Proposition 2.4.1.] 



lim e i[1 ~ u)N * n) F {n) e iu(N * n>+Rt) ip = e i{1 ~ u)Nt F t {n] ) e iu( - Nt+Rt ^. 
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By the dominated convergence theorem for Bochner integrals Chapter II, 
Theorem 3] 



lim F, 



exp^JVM) 



lim F r 

n^oo 



exp(ijV)(^- 



Similarly J B cxp(iAr( „) ) (t), G , cxp(iAr( n )) (t) and H eMiNin)) (t) converge strongly to 
(t), G exp (iN)(t) and H ^Jt) respectively, where the limits are de- 



E. 



cxp(iJV) 1 



fined by fl87l). Therefore condition (i) of Proposition |13.3| is satisfied by the 
quantum semimartingales e lN and e 



(n) 



Condition (ii) of Proposition |13.3| is satisfied since e * is unitary. 

Since \\f n {M t )\\ , \\ft(M t )\\ < 1 the F^,G^ E L 2 ([0, 1], B{fi>) s0 ) and G 
L 1 ([0, 1], £>(i}) so ). Since J(R, S, S*, U) is a quantum semimartingale 



LB, 



exp(i7V(")) 



n)) (t)\\ < 2 = a(t)eL°°[0,l], 



|-^exp(«Af("))(^) || + ||^cxp(iiV( n ))(^) | 
||-^exp(iiV( n ))(^) | 



< 
< 



(n) 



+ 



(n) 



/3(t) GL 2 [0,1] 



(«) 



(n) 



G 



(n) 



7 (t)GL 1 [0,l]. 



and conditions (iii), (iv) and (v) of Proposition |13.3| are satisfied. 



It follows from Proposition |13.3| that e is a regular quantum semimartingale 
and satisfies the quantum Duhamel formula fl86l) . This outlines the proof of 
Theorem |13.1 . ■ 



Corollary |13.2| follows from Theorem |13.1| exactly as Theorem |11.1| follows 
from Corollary |10.3. 



14 The Duhamel Expansion 

Another way to show that a perturbed quantum semimartingales satisfies 
the quantum Duhamel formula is to expand both sides of the formula using 
the classical Duhamel expansion. 

Let J, Ji, . . . , J n be bounded self-adjoint operators in a Hilbert space H and 
let M be a self-adjoint operator in H. Define the kernel 

K^(M :/!,...,/„)= / e i(l- Ul )M j ie i( Ul ~u 2 )M j 2 . . . e i(u n ^-u n )Mj ne iu n M du 

Jam 

Where A*™) = {1 > U\ > ■ ■ ■ Uj > ■ ■ ■ > u n > 0} and du = du\ . . . du n . 
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Then K^{M : J u . . . , J n ) is a bounded linear operator and 

\\K^{M:J x ,...,J n )\\ < BiL__HJ (108) 

Now put K(°\M, J) = e iM and K^ n \M, J) = K {n \M : J, . . . , J). 
Using the bounds ( |108| ) it may be shown that 



oo 

J(M+J) 



J2* n K in \M,J), (109) 



n=0 



the series being uniformly convergent in B{H). The expansion ( |109| ) is known 
as the Duhamel expansion of e l<yM+J \ A proof may be found in ||10|| . 

If $i, $2; • • ■ belong to B(H) and k < n then put 

, \ . (ii) O'fe) . i \ / 
K^(M, J $ fe ) = #(»>(M : J l9 . . . , J n ) 



where 

$i if j = j i} i = k, 
J otherwise. 



Jj 



This definition is independent of the order of the $s: if r is a permutation 
of {1, ... , k} then Thus 

K^(M,J: $ r{1) ,..., $ T(fc) ) = i^(M, J $ fc ) 
We sometimes compress this notation by suppressing M and J. Thus 

K (n) = ^W( M ,J), 

iT (n) H = K in) (wM,wJ), 

, ■> (h) (jk) , , (ii) (ifc) 

^ {n) ( $*) = K^(M,J $ fc ) 

/ \ . (ii) (ifc), / \ . (ii) (Jk) . 

fO n) (w; $ fc ) = K {n >(wM,wJ :w $ u ...,w $ fc ) 

If cti, ^2, 03, • • • are positive integers and <Tj = cti + • ■ ■ + aj ■ + j then 

^ (<T2_1) (3i) = / (1 -w) ai w^ 2 K (ai) (l - w)^ 1 K {a2 \w)dw (110) 
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K (CT3 - 1} ($i, $2) (Hi) 

= / (l-Wi) a H^l-^2) a2 ^2^ (Ql Hl-^l) $ l^ (Q2 H^l-^2)$2^ (Q3) (^2)rfw 

These identities are special cases of the following proposition. 

Proposition 14.1 Ifcei, . . . , a n , . . . are positive integers and o~j — a^H h 

+ j then 

#K+i-D( (112) 

(1 - Wl ) ai ■ • • K_x - Wj ) a * ■ ■ ■ K_! - U ; n ) a "<»+ i J ft:( Qi )(i - Wl )$! ■ ■ • 

• • • $ J _ lJ fC (a ^ ) (^_ 1 - iu,-)^ • • • $„ir (Q " +l) (w„) rfw 
Proof. The right hand side of (|112|) is 

(1 - Wl ) ai ■ ■ ■ (ty n _i - w n ) an w* n+1 e i{l - u ^ {l - Wl)M J ■ ■ ■ 



' A(") xAf'i'x-AW 

. . . J e iu i 1 ( 1 -'"'i) M <|) ie i ( 1 - u ?)(«'i-^2)A/ j _ _ _ j e iul 2 )(w 1 -w 2 )M q i(l-ul)(w2-w 3 )M j _ 
. . . J e ™^)( u 'i-i-' !U j) M <J) j . e *( 1 -"i +1 )K'-^j+i) M J . . . 

. . . J e iu «jiiK-^J+i) M <|) j . +ie i ( 1 -«i +2 )K+i-"'j+2)A^ J. . . 

. . . j e <K-r%)tf $tie <(i-«r +1 Ktfj . . . Je i<+V"+ lM cftW . . . du n+l 

By applying the change of variables 

£j- = Wfe + uf\w k -i -w k ) w = 1; & = 1, . . . , n; j = 1, . . . , a k , 
dt+i = w k k = l,...,n, 

An+l) (n+1) ■ 1 

we obtain the left hand side of ( 112|) . ■ 

We will also need a second order Duhamel expansion. If J and R belong to 
B(H) then 



00 n , . , , . , 



e 

n=0 k=0 l<ji<— <jk<n 

If i? = this reduces to ( |109| ) so that 

e i(M+J+R) _ i(M+J) v ^ v ^ x lJJ ' ( ' ,J ' 



EE E ^ (us) 

n=0 fc=l l<ji<---<jfe<n 
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15 Perturbation of Quantum Semimartin- 
gales 



We shall need a series version of Proposition |13.3| and a lemma on quantum 
stochastic differentiation under the integral sign. 

Proposition 15.1 Let K&) = K^(E^ n \ F^ n \ G (n) , #(")), be a sequence of 
regular quantum semimartingales and let N = N(E, F, G, H) be a quantum 
semimartingale such that: 

(i) E^o E t n \ E^o F t n \ J2n=o G t n) and J2n=o H i n) converge strongly to E t , 
F t , G t and H t respectively for almost all t G [0, 1]; 

(ii) Er=oll^ (n) IH^)eL-[0,l]; 

(iii) Er=oll^ (n) ll=«We^[0,l]; 

(iv) E^,(II^ W II + 11^11)= /?(t)Gi a [0,l]; 

(v) E^oll^ (B) ll=7(*)eL 1 [o,i]. 

Then 

(a) N is regular with \\N t \\ < k for all t G [0, 1]; 

(b) EnLo-^-t converges strongly to N t for all t G [0, 1]. 



Lemma 15.2 For each u G let 

k t (u) = [ e{u) dA + f(u) dA + g{u) dA ] + h(u) ds 
Jo 

be a regular quantum semimartingale with \\K t (u)\\ < c < oo for all t G [0, 1] 
and u G A. Suppose also that u t— > k(u), e{u), u \— > f(u), g(u) and u \— > 
h{u) are strong operator continuous maps from A^ n ^ to L°°([0, 1], B($)) so ), 
L 2 ([0A],B($)) so ) and L l {[Q, 1], B{ft) so ) respectively. Then K — {K t : t G 
[0, f } defined by 

K t = k t (u) du, 
J A 
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is a regular quantum semimartingale. Moreover 



K t = [ {EdA + FdA + GdA^ + Hds), (114) 
Jo 



where 



E = / e{u) du, F = / f(u) du 

Ja(") Ja(") 

G = g(u) du, H = / du 

ja(») Jaw 



Proof. It follows from (pDI) that 



(K t (u)e(f),e(g)) = / (k t (u)e(f), e(g)) du 

Jam 

T (/^b(w) + /f(u) + go{u) + H(u))(s)e(/), e( 5 )) ds 

AM ^0 

' + f F{u) + ~g~G{u) + #(u))(s)e(/),e(<7)) ds. 

o 

The conditions of the theorem have been chosen so that the interchange of 
integrals is valid. The identity ( |114j ) now follows from the characterisation 
of quantum stochastic integrals (|69|) . ■ 

Although the following theorem is true as stated below we shall only prove 
it when E = 0. 

Theorem 15.3 Let M = M(E } F, F* , H) be and essentially self-adjoint 
quantum semimartingale which satisfies the quantum Duhamel formula and 
let J = J(R, S, S* ,U) be a regular quantum semimartingale. Then M + 
J is an essentially self-adjoint quantum semimartingale which satisfies the 
quantum Duhamel formula. 

Proof. By the Kato-Rellich theorem M + J is an essentially self-adjoint 
quantum semimartingale. 

To prove the quantum Duhamel formula we formally expand the terms on 
both sides using the Duhamel expansion and equate the resulting expressions. 
The formal calculations are then made rigorous. 
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The Duhamel expansion ( |109| ) of e^ Mt+Jt ^ is 

oo 

e i(M t +j t ) = J2i n K {n) {M t ,J t ) (115) 

n=0 

where = K^(M, J) and 

fc( n ) — / g i(l-tn)Af j i(ui-U2)M _ _ _ e i(u n -i-u n )M j e iu„M ^ 

Jaw 

The integrand A;*™) is the product of elements of 5 and so belongs to iS. The 
quantum stochastic differential dM n ) may be calculated from the quantum 
Duhamel formula and the quantum Ito product formula (this is done in the 
computation of dK^ n > below.) Since multiplication is continuous on bounded 
sets for the strong operator topology it follows that satisfies the condi- 
tions of Lemma |15.2| . Thus K^> is in S and its differential may be calculated 
using the formula (|114 ). 



The regular quantum semimartingale t i— ► f Q H s ds may be incorporated in 
J so that H may be assumed to be zero. To further reduce the notational 
complexity we proceed in two steps. 

Step 1. Assume that the coefficients E, H and R are zero. It then follows 
from the quantum Ito product formula that the product of any three quantum 
differentials taken from {dM, dJ} is zero. Since dJ and dM have no terms 
in dA we must prove the simple form of the quantum Duhamel formula: 

e i(M t+ J t ) = I+ f\ f 1 e i(l-u)(M+J) d(M + jyu{M + .J) du (n6) 



J 



+ i 2 e^- Ul ^ M+ ^d{M + J)e i{ui - U2){M+J) d(M + J)e iU2{M+J) du 
Jo Jaw 



Fixing ito = 1 and u n+ \ = we have, by formula (|114|) , 

n „ 

dK {n) = V / e i{ ^- Ul)M J---e l{u ^- u i )M dJ---Je iUnM du 

+ V / e i(i-«i)Wj... e iK-i-«i)^dJ---e i(u *- 1 - Ufc)M dJ--- Je iu " M du 
Jaw 



l<j<k<n ' 
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n+1 „ 

+ V / e i{1 ~ ul)M J ■ ■ ■ d (e^- 1 -^) J ■ ■ ■ Je iUnM du 

+ I e i{1 - Ul)M J ■ ■ ■ e i(u ^- u ^ M dJ ---d (e i{uk -'- Uk)M ) J ■ ■ ■ Je iUnM du 

+ Yl I e i{1 ~ ul)M J ■ ■ ■ d (e^- 1 '^) J ■ ■ ■ e i{uh - x - Uk)M dd ■ ■ ■ Je iUnM du 
+ I e i{1 - Ul)M J ■ ■ ■ d (e^- 1 -^ 1 ) J---rf(e i(Mfc - 1 - Ufc)M ) J--- Je iu " M du 

l<j<k<n+l jA(n) 

= ^ (dJ) + ^ K ( rf J ' dJ ) + J2( lK ] ( dM ) + 1 K ] ( dM > dM ) ) 

j=l l<j<k<n j=l ^ ' 

_. 0') ( fc ) ^ 0') ( fc ) 

+ iK i - n+l \dJ,dM)+ iK (n+l) (dM,dJ) 

l<j<k<n+l l<j<k<n+l 

+ Yl * 2 K {n+2) {dM,dM). 

l<j<k<n+l 

= J^iir(»)(dj)+ K in \dj,dj) (ii7) 

n+1 0') 0') ( fc ) 

+ ^^("+ 1 )(F*)dAt+ iK( n+1 \dJ,dM) (118) 

j=l l<j'<fc<n+l 

n+1 0) 0') ( fc ) 

+ ^^ (n+1) (F)rfA+ ^ iK (n+1) (dM,dJ) (119) 

j=l l<j<fc<n+l 

0') (*0 

+ ^ i 2 K {n+2 \dM,dM). (120) 

l<J<fc<n+2 

The terms above may be calculated by using the multilinearity of the l^™) 
then taking out the basic differentials preserving their order and then using 
the quantum Ito table. For example 

0) (i) (i) (i) 

K in \dJ) = K^\s)dA + K in \s*)dA^ + K™(R)dt, 

K^ +1 \dM,dJ) = K^ +1 \F, ( S*) 
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Now write dK^ = F^dA + G {n) dA^ + dt. It follows from the bounds 



QlQei) that 



(n) 



< 



< 



n-1 



(n-1)! 



||5t + Fi 



ill 5 



(n) 



< 



n— 1 

ill lln* , r,* 



(n-1)! 



(121) 



n-1 



ilUir\ 7 , |2+ l|J t r J 



||F t ||-||^|| + i^||F t || 2 (122) 



(n- 1)! " " 2(n-2)! " " (n-l)!"* 1 " 1 ' 2 n! 

It follows that FW, GW G L 2 ([0, 1], i3(5}) so ) and G #([0, 1], 
We now expand the terms on the right hand side of ( |116|) . 



lie 



i(i-u)(M + j) d ( M + J yu(M+j) du 

/I / oo \ / oo \ 

\^y a {l-u) a K^\{l-u))j d(M + J) l^i^K^J du 

J2 %n+1 Yl ^-u) a u p K^ a \{l-u))d{M + J)KW du 

- n=0 a+/3=n 
oo n 

^ ^ i n+1 K {n+1 \d{M + J)) 

n=0 o=0 

oo n oo n 

^ ^ ( dJ ) + ^ ^ j»+l K {n+i) ( rfM ) 



(123) 



n=l a=l 



n=Q a=0 



Similarly 



r i e i{1 - Ul)(M+J) d{M + J)e i{ui ~ U2){M+J) d(M + J)e iU2{M+J) du (124) 



A( 2 ) 



oo oo 



(a+1) (Q+/3+2) 

i n+2 K (n+2) {d{M + J),d{M + J) 

n=0 a+/3=0 

00 Cj) W 00 (i) (fc) 

E ^y n K W {dJ,dJ) +J2 i n+1 K {n+1 \dJ,dM) (125) 

«=2 l<j<k<n 71=1 l<j<k<n+l 

00 U) (k) 00 CO (it) 

^ i n+1 K {n+1) {dM, dJ) + Y, Yl i n+2 K (n+2) {dM, dM) 

71=1 l<j<fe<n+l n=0 l<j<fc<n+2 
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Adding (|123| ) and ( |125| ) and comparing with the expression ( pTHD for dK^ 
gives 

oo „i 

^VdtfW = i / e l{1 - u){M+J) d{M + J)e iu{M+J) du 

+i 2 [ e l(1 "" l)(M+J) rf(M + jy^- u ^ M+J) d{M + J) e ^ M+J ^ du 

J AW 

It follows from the bounds (PIP and (Jl2g ) that if 

K(t) = \\J t \\e M , /3(t) = 2e^\\S t + F t \\, 

l(t)=e M (\\U\\ t + 1 -(\\S t \\ + \\F t \\r 

then the series K^> and the quantum semimartingale N defined by 

N t = 1+ fi f 1 e t(1 - u)(M+J) d(M + J)e iu{M+J) du 
Jo Jo 

+l 2 f f e n\-u x ){M+J) d ( M + j) e K»i-«2W+J) d ( M + jyu 2 (M+j) du 

Jo iA( 2 ) 

satisfy the conditions of Proposition |15.1| . The quantum Duhamel formula 
(|116|) now follows from Proposition |15.1| (b) and (|115|) . 

Step 2. The integrands E, H } S and U are zero. In this product of 

differentials from {dM, dJ} containing more than two dMs is zero as is any 
product containing the string dJ ■ dM ■ dJ. 

Expanding dK^ n > as in Step 1 and using the identity dA ■ dA = dA the sums 
( |117| ) are replaced by 

* — \ * — \ i \ dk) , (ji) (ife) , . 

K i - n \dJ ) ... ) dJ) = Y J Yl K^ n \R,..., R)dA = E^'dA. 

k=l l<ji<—<jk<n k=l l<ji<— <ifc<n 

It follows from the bounds (|108|) that 

n II T ll n ~ r II f? ll r 

\\E (n) ' t \\ < 



r=i v 1 



It follows from (|113|) that 



e i(M+J+R) _ e i(M+J) 



j^ew 

o 

the coefficient of dA in the quantum Duhamel formula. 
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Using the identity dA ■ dA* = dA* the sum ( |118|) is replaced by 

JL^ . 1X (ii) tik) O'fc+i) 

i E K ( d J ' ■■■'dJ, dM) 

k=0 l<ji<-<j k +i<n+l 

K^ + \r,...,R, F )=iG^dA*. 

k=0 l<ii< - <j fc+ i<n+l 



Using the identity dA ■ dA = dA the sum ( |119| ) is replaced by 



J^L , (ii) Uk) Uk+i) 

% E K • • • ' rf J ' rf J ) 

fc=0 l<jl< - <j fc+ i<n+l 

K (n+1 \F R, R)=iF {n) 'dA. 

k=0 l<n<-<?fc + i<n+l 

Using the identity ■ dA - ■ ■ dAdA* = dt the sum ( |120]) is replaced by 

o " , oN (ji) O2) Oft) O'fc+i) 
j2 ^ K {n+2 \dM, d.J,..., dJ, dM ) 

fe=i 



z 2 2_]^ (n+2) (F, R,..., R, F " ) = / 

it=i 



It follows from the bounds (|108|) that 



r=l 



n — r !r! 



(«)/ 



< 



^E 



" \\j t \r r wm 



2 14 — ' (n — r)!r! 

r=l 



The coefficient of dA* in the quantum Duhamel formula is 



f 1 e i(M+J+R) F * e i(M+J) du 
'0 

^\ 00 o 







Q =0 fc=0 l<ji<— <ife<a 



E E ' M 

fc=0 1<J1<— <ife+i<n+l 



-l X (n+l) ^ R, F *] 
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Similarly the coefficient of dA is 

,1 n 



i [ e W + j) Fe i(M + j+R) du = ^ i n+1 K (n+1 \F ) ,..., i R, (J R ) ). 

J ° k=0 l<ji<-<j fc+ i<n+l 

The coefficient of dt is 

«oo oo/3 f ' \ f ' \ oo 

•^ (2) Q =o /3=0 k=0 l<ji<-<j k <P 7=0 



CO 



= E z ' n+2 E E ^ (a+/3+7+2) (F,i?,...,^, f 

n=0 Q+/3+7=n a+l<ji<---<Jfe<Q+/3+l 

= EE 2 ^ { +) (F,R,...,R, F *). 

n=0 fe=l 

The quantum Duhamel formula now follows using the same argument as in 
Step 2. 

This method may also be used when E is non-zero but the calculations are 
very tedious and we leave them to the conscientious reader. ■ 



16 Further Problems 

We add five more problems to those posed in |28j, §12]. 

This paper makes some progress with the problems in [28, §12] but pro- 



vides nothing like a complete solution. The most important question is the 
following. 

Problem 1. If M is an essentially self-adjoint quantum semimartingale does 
M satisfy the quantum Duhamel formula. 

It is clear that both sides of (f|) exist. Are they equal ? 



Theorem |11.1| is not a generalisation of [28 , Theorem 6.2] since not all regular 
quantum semimartingales satisfy its conditions. The conditions in Theorem 



11. 1| are on (E, F, G, H) while those in p8j, Theorem 6.2] are on (E, F, G : H) 
and M. Moreover, a self-adjoint operator T e B(Sj) need not have ^ o £ 
A(U(T)). 
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It is possible to construct a synthetic theorem containing Theorem 11.1 and 
Theorem 6.2 of [p£fl , but this would be unsatisfactory. 

Problem 3. Find natural conditions on a quantum semimartingale M for 
which the conclusions of both Theorem |11.1| and | 28| , Theorem 6.2.] remain 
true. 

In general the cmx representation of the quantum stochastic process F con- 
sidered in Section [L3| is complicated and does not satisfy the conditions of 
Corollary |11.3| . In that case the classical Ito formula ( |105| ) does not follow 



from (|102|) . If M is irregular the classical Ito formula for M does not follow 
from [T2^, Theorem 6.2]. 

Problem 3. Find conditions on an integrable quadruple (0, F, F* ,0) , which 
is not necessarily commutative, which ensure that the quantum Ito formula 
( |102|) is valid and implies the classical Ito formula ( |105|) . 



Formally, the analysis in Section [L3] carries over to the case when M is an es- 
sentially self-adjoint quantum semimartingale on £ which satisfies the quan- 
tum Ito formula. In this case h! and h" must be replaced by Dh and D]h. 
There are serious technical difficulties in finding bounds on Dh and Djh 
which we have been unable to overcome. See for example [ p2]j . 



Problem 4- Is it possible to modify the method used in Section [731 to give a 
more analytic proof of Theorem \15.<\ ? 

The final problem is about the Stratonovich formula. 

Problem 5. Is the cmx Stratonovich formula ( \104\ ) valid for f G C 3+ (K) and 
does it give rise to the corresponding quantum Stratonovich formula ( \103j ) ? 
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